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Abstract: We study the moduli space M. of N — (4, 4) superconformal field 
theories with central charge c = 6. After a slight emendation of its global de- 
scription we find the locations of various known models in the component of A4 
associated to K3 surfaces. Among them are the Z2 and Z4 orbifold theories ob- 
tained from the torus component of M.. Here, 50(4,4) triality is found to play 
a dominant role. We obtain the B-field values in direction of the exceptional 
divisors which arise from orbifolding. We prove T-duality for the Z2 orbifolds 
and use it to derive the form of M purely within conformal field theory. For 
the Gepner model (2) 4 and some of its orbifolds we find the locations in M. 
and prove isomorphisms to nonlinear er models. In particular we prove that the 
Gepner model (2) has a geometric interpretation with Fermat quartic target 
space. 

This paper aims to make a contribution to a better understanding of the N = 
(4, 4) superconformal field theories with left and right central charge c = 6. Ulti- 
mately, one would like to know their moduli space M. as an algebraic space, their 
partition functions as functions on M. and modular functions on the upper half 
plane, and an algorithm for the calculation of all operator product coefficients, 
depending again on M. . This would constitute a good basis for the understanding 
of quantum supergravity in six dimensions, and presumably for an investigation 
of the more complicated physics in four dimensions. 

The moduli space M. has been identified with a high degree of plausibility, though 
a number of details remain to be clarified. It has two components, M to " and 
Ai K3 , one 16-dimensional associated to the four-torus and one 80-dimensional 
associated to K3. The superconformal field theories in A4 tori are well under- 
stood. One also understands some varieties of theories which belong to A4 K3 , 
including about 30 isolated Gepner type models and varieties which contain orb- 
ifolds of theories in M. tor% . In the literature one can find statements concerning 
intersections of these subvarieties, but not all of them are correct. Indeed, their 
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precise positions in M. had not been studied up to now. One difficulty is due to 
the fact that the standard description of M. torl is based on the odd cohomology 
of the torus, which does not survive the orbifolding. 

As varieties of superconformal theories Ai torl and A4 K3 cannot intersect for 
trivial reasons. As ordinary conformal theories without Z2 grading intersections 
are possible and will be shown to occur. 

The plan of our p aper is as follows. In section^ we will review known results fol- 
lowing |A-M , As2 1 . We correct some of the details and add proofs for well-known 



conjectural features. In section [hi] we explain the connection between our de- 
scription of M torl in terms of the even cohomology and the one given by Narain 
much earlier by odd cohomology |C-E-N-T , Na|] . Both are eight-dimensional, 



and they are related by SO(A, 4) triality. Section |2j deals with Z2 and Z4 orb- 
ifold conformal field theories. We arrive at a description for the subvarieties of 
these theories within M K3 . In particular, we present a proof for the well-known 
conje cture that orbifold conformal field theories tend to give the value B = ^ 
]As2| , §4] to the B-field in direction of the exceptional divisors gained from the 
orbifold procedure and determine the corr ect B -ficld values for Z4 orbifolds. Our 



results are in agreement with those of [Do, B-I], that were obtained in a different 



context. We calculate the conjugate of torus T-duality under the Z2 orbifolding 
map to A4 K3 and find that it is a kind of squareroot of the Fourier-Mukai T- 
duality on K3. This yields a proof of the latter and allows us to determine the 
form of Ai K3 purely within conformal field theory, without having recourse to 
Landau-Ginzburg arguments. We disprove the conjec ture that Z2 and Z4 orb- 



ifold moduli spaces meet in the Gepner model (2) 4 [ E-O-T-Y ]. We show that 
the Z4 orbifold of the nonlinear a model on the torus with lattice A = Z 4 has a 
geometric interpretation on the Format quartic hypersurface. 

Section ^ is devoted to the study of special points with higher discrete symmetry 
groups in the moduli space, namely Gepner models (actually (2) 4 and some of its 
orbifolds by phase symmetries). W e stress that our approach is different from the 



one advocated in [F-K-S-S, F-K-S | where massless spectra and symmetries of all 
Gepner models and their orbifolds were matched to those of algebraic manifolds 
corresponding to these models. The correspondence there was understood in 
terms of Landau-Ginzburg models, a limit which we do not make use of at all. 
We instead explicitly prove equivalence of the Gepner models under investigation 
to nonlinear a models. This also enables us to give the precise location of the 
respective models within the moduli space Ai K3 . We prove that the Gepner 
model (2) 4 is isomorphic to the Z4 orbifold and therefore to the Fermat quartic 
model studied in the previous section. We moreover find two meeti ng p oints of 



Ai K3 and _A/f*°" generalizing earlier results for bosonic theories [K-S] to the 
corresponding TV = (4, 4) supersymmctric models. We find a meeting point of 
the moduli spaces of Z2 and Z4 orbifold conformal field theories different from 



the one conjectured in [ E-O-T-Y |. In section |I] we conclude by gathering the 



resu lts and joining them to a panoramic view of part of the moduli space (figure 



In the context of a models we must fix our a' conventions. For ease of notation 
we use the rather unusual 0/ — 1 , so T-duality for a bosonic string compactified 
on a circle of radius R reads R 1— > . We hoped to save us a lot of factors of \/2 
this way. 
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Often, the left -right transformed analogue of some statement will not be men- 
tioned explicitly, in order to avoid tedious repetitions. Fourier components of 
holomorphic fields are labelled by the energy, not by its negative. 



1. The moduli space of N = (4, 4) superconformal field theories with 
central charge c = 6 

We consider unitary two dimensional superconformal quantum field theories. 
They can be described as Minkowskian theories on the circle or equivalently as 
euclidean theories on tori with parameter r in the upper complex halfplane. The 
worldsheet coordinates are called a , o\ . 

The space of states TL of a quantum field theory has a real structure given by 
CPT. For any N = (4, 4) superconformal theory 7i contains four-dimensional 
vector spaces Qi and Q r of real left and right supercharges. Since we consider 
left and right central charge c = 6, we use the extension of the N — (2, 2 ) 



superconformal algebra by an su(2) © su(2) current algebra of level f [ A-B-D 
The (3+3)-dimensional Lie group generated by the corresponding charges will 
be denoted by SU{2) s l usy x SU(2) s r usv and its {(1, 1), (-1, -1)} quotient by 
SO(4) susy . The commutant of SU(2)™ ay in SO{Qi) will be called SU{2) h Here 
and in the following we use the notation SO(W) for the special orthogonal group 
of a real vector space W with given scalar product. 

One can identify SU(2) s l usy with SU(2)i by selecting one vector in Qi. The 
subgroup of SO(Qi) which fixes this vector is an 50(3) group with surjective 
projections to the two SU (2) groups modulo their centers and allows an iden- 
tification of the images. Such an identification seems to be implicit in many 
discussions in the literature, but will not be used in this section. 
We will consider canonical subspaces of Ti spanned by the states with specified 
conformal dimensions [h; h) which belong to some irreducible representation 
of SU{2)1 usy x SU(2)P isy . The latter are labelled by the charges (Q;Q) with 
respect to a Cartan torus of SU(2)f usy x SU (2) s r usy . Since any two Cartan tori 
are related by a conjugation, the spectrum does not depend on the choice of this 
torus. Charges are normalized to integral values, as has become conventional in 
the context of extended supersymmetry. 

We assume the existence of a quartet of spectral flow fields with (h, Q; h, Q) = 
(j, e\\ j, e 2 ), Si £ {±1}. Operator products with each of them yield a combined 
left+right spectral flow. Instead of using N = (4, 4) supersymmetry it suffices 
to start with N = (2, 2) and this quartet. Indeed, the operator product of a pair 
of quartet fields yields lefthanded flow operators with (h, Q;h : Q) = (1, ±2; 0, 0), 
and analogously on the righthanded side for another pair. These enhance the 
w(l) ; susy © u(l) s r usy subalgebra of the N — (2,2) superconformal algebra to an 

A[ 1} x Kac-Moody algebra. T hus the N = (2, 2) superconformal algebra is 



enhanced to TV = (4,4) |E-Q-T-Y 



Our assumptions are natural in the context of superstring compactification. 
There, unbroken extended spacetime supersymmetry is o btained f rom N = (2, 2) 



worldsheet supersymmetry with spectral flow operators |Sel,Se2|. Thus our su- 
perconformal theories may be used as a background for N = 4 supergravity in 
six dimensions. Here, however, we concentrate on the internal conformal field 
theory. External degrees of freedom are not taken into account. 
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Let us give a brief summary on what is known about the moduli space M so 
far. The spaces of states of the conformal theories form a bundle with local 
grading by finite dimensional subbundlcs over A4. They can be decomposed 
into irreducible representations of the left and right N = 4 supersymmetries. 
The irreducible representations are determined by their lowest weight values 
of (h,Q). These representations can be deformed continuously with respect to 
the value of h, except for the r epresentatio ns of non-zero Witten index, also 
called massless representations [ E-Tl , E-T2 , La| . Apart from the vacuum rep- 



resentation with (h,Q) = (0,0), the lowest weight states of massless represen- 
tations are labelled by (h,Q) = (i,±l) in the Neveu-Schwarz sector and by 
(h,Q) = (|,±1) or (h,Q) = (4,0) in the Ramond sector. Let us enumerate 
the representations which are massless with respect to both the left and the 
right handed side. Apart from the vacuum we already mentioned the spectral 
flow operators with (h,Q;h,Q) = (j,Si; \, 62)^1 € {±1}- They form a vector 
multiplct under SO (4) susy . Since the vacuum is unique, there is exactly one 
multiplet of such fields. On the other hand, the dimension of the vector space 
of real (j, 0; j,0) fields is not fixed a priori. We shall denote it by 4 + 6. With a 
slight abuse of notation, the orthogonal group of this vector space will be called 
0(4+6). These are all the possibilities of massless representations in the Ramond 
sector. The corresponding ground state fields describe the entire c ohomology of 
Landau-Ginzburg or a model descriptions of our theories [L-V-W|. 
If in a given model there is a field with (h, Q; h, Q) = (5, ±1; 0, 0), application of 
su(2)i and supersymmetry operators yields four lefthanded Majorana fermions 
and the corresponding abelian currents. As we shall see below, this suffices to 
show that the model has an interpretation as nonlinear er model on a torus, with 
the currents as generators of translation and the fermions as parallel sections of 
a flat spin bundle. Such models have 6 = and constitute the component J\A tor% 

o£M. 

The vector space ^1/2 spanned by the fields with (h, Q;h,Q) = (5, £i; 5, £a)> £< <= 
{±1} is obtained from the (4,0; 4,0) Ramond fields by spectral flow. Thus it 
gives an irreducible 4(4+5)-dimensional representation of su(2)^ usy (Bsu(2)^, usy © 
o(4 + 6). It determines the supersymmetric deformations of the theory, as will 
be considered below. 

The massless representations cannot be deformed, so 6 is constant over the 
generic points of a connected component of M. and can only increase over non- 
generic ones. Tensor products of a massive lefthanded representation with a 
righthanded massless representation cannot be deformed either, since h—h must 
remain intergral. The span of such tensor products in th e space of st ates yields 
a string theoretic generalization £ of the elliptic genus | S-Wl , S-W2 ] , which is 
constant for all theories within a connected component of M. . Since for c = 6 and 
theories with merely integer charges £ is a theta function of level 2 and char- 
acteristic g -1 , by its properties under modular transformations one can show 
that £ is a multiple of the elliptic genus £k 3 of a K3 surface. According to their 
charges, the numbers of (\, 4) fields can be arranged into a Hodge diamond 

1 

n/ n r 
1 4 + 6 1 
n r ni 
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where by the above ni G {0, 2} also yields the number of left handed Dirac 
fcrmions. The uniqueness of the left and right elliptic genera shows n; = n r 
and S = 16 — 8n;. Moreover, left and righthanded elliptic genera have the same 
power series expression. They vanish over Ai torl . In particular, as was anticipated 
above, the existence of one field with (h, Q; h, Q) = (|, ±1; 0, 0) suffices to show 
that the theory is toroidal. The elliptic genus o n M. is in terpreted as index of 
a supercharge acting on the loop space of K3 |Wil| , Wi2 |. We call one of our 



conformal field theories associated to torus or K3, depending on the elliptic 
genus. For the theories associated to K3 one has 5 = 16. 

To understand the local structure of the moduli space M. we must determine the 
tangent space Hi in a given point of M, i.e. describe the deformation moduli 
of a given theory. This space consists of real fields of dimensions h = h = 1 in 



the space of states H over the chosen point. The Zamolodchikov metric [Za] on 
the space of such fields establishes on M. the structure of a Riemannian mani- 
fold, with holonomy group contained in 0(Hi). To preserve the supersymmetry 
algebra, Hi must consist of SO(A) susy invariant fields in the image of Tij^ un- 
der (Q;)i/2 ® (Qr)i/2i where the latter subscripts denote Fourier components. 
Accordingly, Ti/ 2 ®Hi yields a well-known representation of the osp(2, 2) super- 
algebra spanned by (Q;)±i/2: su(2) s l usy and the Virasoro operator L . In partic- 
ular, Hi should be 4(4 + (5)-dimensional and form an irreducible representation 
of su(2)i © su(2) r © o(4 + S). We shall assume that all elements of Hi really give 
integrable deformations, as has been shown to all orders in perturbation theory 
|E)3]. Note, however, that there is no complete proof yet. 

The holonomy group of M. projects to an 0(4 + 5) action on the uncharged 
massless Ramond representations and to an 50(4) action on Qi ® Q r . Thus 
its Lie algebra is contained in su(2)i © su(2) r © o(4 + 5). The two Lie algebras 
are equal for M. tOT% and one expects the same for 6 = 16. Below we shall find 
an isometry from A4 to " to a subvariety of A4 K3 , such that the holonomy Lie 
algebra of the latter space is at least su(2)i © su(2) r © so(4). Moreover, this 
isometry shows that A4 K3 is not compact. Since one has the inclusion 

su(2) © su(2) © o(4 + 5) = sp(l) © sp(l) © o(4 + S)^> sp(l) © sp(4 + 5), 

the moduli space of N = (4, 4) superconformal field theories with c = 6 associ- 
ated to torus or K3 is a quaternionic Kahlcr manifold of real dimension 4(4 + 5). 
To determine its local structure, recall that we are looking for a noncompact 
space. By Berger's classification of quaternionic Kahler manifolds [ p3e| ] it can 
only be reducible or quaternionic symmetric Th. 9]. Because non-Ricci flat 
quaternionic Kahler manifolds are (even locally) de Rham irreducible [|Wo| , this 
means that it can only be Ricci flat or quaternionic symmetric. The former is 
excluded because geodesic submanifolds on which all holomorphic s ectional cur- 
vatu res are negative and bounded away from zero have been found |i^S| , p-F-G| , 



Cel . Hence the moduli space must locally be the Wolf space 
T 4,4+i = q+ ( 4) 4 + s . R ) /S0(4) x 0(4 + 5) 

= SO + (4,4 + S;R)/SO(4) x 50(4 + 6), ' ' ' ' 

i.e. one com ponent of the Grassmannian of oriented spacelike fo ur-planes x C 

TD>4,4+<5 ' 



[ C'c2| , reproducing Narain's and Seiberg's previous results [ C-E-N-T , Na 



3ei|. Here SO + (W) denotes the identity component of the special orthogonal 
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group SO(W) of a vector space W with given scalar product. The space of max- 
imal positive definite subspaces of W has two components, and + (W) denotes 
the subgroup of elements of 0(W) which do not interchange these components. 
Note that for positive definite W we have SO(W) = 0+(W). The Zamolod- 
chikov metric on is the group invariant one. 

From the preceeding discussion, x can be interpreted as the SO(4) susy invariant 
part of the tensor product of Qi ® Q r with the four-dimensional space of charged 
Ramond ground states. Note that the action of so(4) = su(2);© su{2) r discussed 
above generates orthogonal transformations of the four-plane x G 7" 4 > 4 +<5 corre- 
sponding to the theory under inspection, whereas o(4 + 8) acts on its orthogonal 
complement. 

We repeatedly used the splitting so(4) = su(2)i © su(2) r . Consider the anti- 
symmetric product A 2 x of the above four-plane x. We choose the orientation 
of x such that su(2)i fixes the anti-sclfdual part (A 2 x)~ of A 2 x with respect 
to the group invariant metric on + (4, 4 + 8; R). When the theory has a parity 
operation which interchanges Qi and Q r , this induces a change of orientation 
of x. The choice of an N — (2, 2) subalgebra within the N — (4, 4) supercon- 
formal algebra corresponds to the selection of a Cartan torus u(l)i u(l) r of 
su{2)i su(2) r . This induces the choice of an oriented two-plane in x. The ro- 
tations of x in this two-plane are generated by it(l)j+ r , those perpendicular to 
the plane by u(l);_ r . Thus the moduli space of N = (2, 2) superconformal field 
theories with central charge c = 6 is given by a Grassmann bundle over M , with 
fibre SO(4)/(SO(2) l+r x SO(2)^ r ) S § 2 x § 2 . 

Generic examples for our conformal theories are the nonlinear a models with 
the oriented four-torus or the K3 surface as target space X. In the K3 case, 
the existence of these quantum field theories has not been proven yet, but their 
conformal dimensions and operator product coefficients have a well defined per- 
turbation theory in terms of inverse powers of the volume. We tacitly make the 
assumption that a rigorous treatment is possible and warn the reader that many 
of our statements depend on this assumption. 

A nonlinear a model on X assigns an action to any twocycle on X. This action 
is the sum of the area of the cycle for a given Ricci flat metric plus the image 
of the cycle under a cohomology element B £ H 2 (X, M). Since integer shifts of 
the action are irrelevant, the physically relevant B-field is the projection of B to 
H 2 (X, K) / H 2 (X, Z) . Thus the parameter space of nonlinear a models has the 
form {Ricci flat metrics} x {B — fields}. The corresponding Teichmiiller space is 

T 3 > 3+s xR+ x H 2 (X,R). (1.2) 

Its elements will be denoted by (£, V, B). The first factor of the product is the 
Teichmiiller space of Ricci flat metrics of volume 1 on X , the second parametrizes 
the volume, and the last one represents the B-field. The Zamolodchikov metric 
gives a warped product structure to this space. Worldshcet parity transforma- 
tions (co, <7i) i— » (— <To, <xi) change the sign of the cycles, or equivalently the sign 
of B, which yields an automorphism of the parameter space. 
Target space parity for B — yields a specific worldsheet parity transformation 
and thus an identification of su(2)i with su{2) r . The corresponding diagonal Lie 
algebra su(2)i +r generates an SO(3) subgroup of 50(4). Under the action of this 
subgroup x decomposes into a line and its orthogonal three- plane S C x. The 
§ 2 x § 2 bundle over M now has a diagonal § 2 subbundle. Each point in the fibre 
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corresponds to the choice of an SO(2) subgroup of 50(3) or a subalgebra u(l)i+ r 
of su(2)i +r . Geometrically this yields a complex structure in the target space. 
Thus the S 2 bundle over the B = subspace of M. is the bundle of complex 
structures over the moduli space of Ricci flat metrics on the target space. 
Recall some basic facts about the Teichmiiller space T 3 ' 3+s of Einstein metrics on 
an oriented four-torus or K3 surface X. We consider the vector space H 2 (X, R) 
together with its intersection product, such that H 2 (X, R) = R 3:3+ . In other 
words, positive definite subspaces have at most dimension three, negative definite 
ones at most dimension 3 + 5. On K3 this choice of sign determines a canonical 
orientation. When one wants to study J\A tor% by itself, the choice of a torus 
orientation is superfluous. Our main interest, however, is the study of torus 
orbifolds. For a canonical blow-up of the resulting singularities one needs an 
orientation. The effect of a change of orientation on the torus will be considered 
below. 

Metric and orientation on X define a Hodge star operator, which on H 2 (X, R) 
has eigenvalues +1 and -1. The corresponding eigenspaces of dimensions three 
and 3 + <5 are positive and negative definite, respectively. Let S C H 2 (X, R) 
be the positive definite three-plane obtained in this way. The orientation on X 
induces an orientation on S. One can show that Ricci flat metrics are locally 
uniquely specified by S, apart from a scale factor given by the volume. Since the 
Hodge star operator in the middle dimension does not change under a rescaling of 
the metric, the volume V must be specified separately. It follows that T 3 ' 3+(5 xR+ 
is the Teichmiiller space of Einstein metrics on X. Explicitly, we have 

T 3,3+s = o+(H 2 (X,R))/SO{3) x 0(3 + 6). (1.3) 

The 50(3) group in the denominator is to be interpreted as SO(Eq) for some 
positive definite reference three-plane in H 2 (X, R), while 0(3 + S) is the cor- 
responding group for the orthogonal complement of Sq. Equivalently, 7" 3 > 3 + (5 
could have been written as SO+{H 2 (X, R)) /50(3) x 50(3 + S). We choose the 
description ( |l.3| ) for later convenience in the construction of the entire moduli 
space. 

For higher dimensional Calabi-Yau spaces the a model description works only 
for large volume due to instanton corrections. I n our case, however, the metric on 



the mo dul i space does not receive corrections [ N-£ |. Therefore the Teichmiiller 



space (1.2) of a models on X should be a covering of a com ponent of Ai, thus 



isomorphic to the Teichmiiller space 7" 4,4+5 obtained in (1.1). Indeed, for 8 = 16 



a natural isomorphism 

T 4,4+5 ^ T 3,3+5 x R + x R ) ^ 



was given in | A-M, As2|, with a correction and clarification by | R- W , Pi ] . The 



same construction actually works for 6 = 0, too. It uses the identification 
T 4,4+5 _ o+(H even (X,R))/SO(4) x 0(4 + 5), 

where 50(4) is to be interpreted as 50(xo) for some positive definite refer- 
ence four-plane in H even (X, R), while 0(4 + 5) is the corresponding group 
for the orthogonal complement of xo- In other words, the elements of 7~ 4 ' 4+<5 
are interpreted as positive definite oriented four-planes x C H even (X, R) by 
H even (X,R) = R 4 > 4+5 . Note that all the cohomology of K3 is even, whereas 
H odd (X,R) = R 4 ' 4 when X is a four-torus. 
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To explicitly realize the isomorphism ( |l.4[ ) one also needs the positive generators 
v of H 4 (X, Z) and v° of H°(X, Z), which are Poincare dual to points and to the 
whole oriented cycle X, respectively. They are nullvectors in H even (X, R) and 
satisfy (v, v ) = 1. Thus over Z they span an even, unimodular lattice isomorphic 
to the standard hyperbolic lattice U with bilinear form 

1 

1 



Now consider a triple (E, V, B) in the right hand side of (1.4). Define 

(i^r^R), t(a):=*-(B,a)v, 
x := span R U (27) , U := v° + B + (v - ^ 



(1.5) 



Then 27 — £,(£) is a positive definite oriented three-plane in H even (X, R) , and 
the vector £4 is orthogonal to E. Since ||^4|| 2 = 2V, it has positive square. 
Together, 27 and £4 span an oriented four-plane x C H even (X, R) . Obviously, 
the map (27, V,B)>—>x is invertible, once v and v° are given. 
To describe the projection from Teichmuller space to M. we need to consider 
the lattices H 2 (X, Z) and H even {X,1). They are even, unimodular, and have 
signature (p,p + S) with p — 3 and p = 4, respectively. Such lattices are isometric 
to = xjp (J5 8 (_l))*/8. Here each summand is a free Z module, £ 8 has 

as bilinear form the Cartan matrix of Eg, and for any lattice r we denote by 
r(n) the same Z module _T with quadratic form scaled by n. 
We now consider the projection from Teichmuller space to M.. First we have to 
identify all points in 7" 3 - 3 +' 5 which yield the same Ricci flat metric. This means 



that we have to quotient the Teichmuller space (1.3) by the so-called classical 
symmetries. The projection is given by 

0+(H 2 (X,Z))\T 3 ' 3+s (1.6) 



[)K-T I . Here we use the notation + (r) for the intersection of + (W) with the 



auto morphism group of a lattice r C W . The interpretation of the quotient space 
( |l.6| ) as moduli space of Einstein metrics of volume 1 on X is straightforward in 
the torus case, but for X = K3 one has to include orbifold limits (see secti on 3 ) . 
The corresponding a models are not expected to exist for all values of B p| . 
To simplify the discussion we include such conifold points in M.. On T 4,4+d the 



group of classical symmetries lifts by (1.5) to the subgroup of + (H even (X, Z)) 
which fixes both lattice vectors v and u u . 

Next we consider the shifts of B by elements A € H 2 (X,Z), which neither 
change the physical content. One easily calculates that this also yields a left 
action on 7" 4 - 4 +' 5 by a lattice automorphism in + (H even (X, Z)), generated by 

I All 2 

uu 1 * iv — (w, X)v for (w, v) = and v° 1— * v° + A — ^—v. These transformations 
fix v and shift v° to arbitrary nullvectors dual to v. Thus the choice of v° is 
physically irrelevant. 

We shall argue that the projection from Teichmuller space to M. is given by 

T 4,4+5 _^ o+(H even (X, Z))\T 4 ' 4+<5 . (1.7) 
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The group + (H eve n (X, Z)) acts tra nsit ively on pairs of primitive lattice vec- 
tors of equal length [ L-P , N13 |. Thus (1/7) would imply that different choices of 
v,v° are equivalent. Anticipating this result in general, we call the choice of an 
arbitrary primitive nullvector v £ jjeven ^ ^ a g eom etric interpretation of a 
positive oriented four-plane x C H even (A, Z) . Such a choice yields a family of a 
models with physically equivalent data (U, V, B). A conformal field theory has 
various different geometric interpretations, and the choice of v is comparable to 
a choice of a chart of M.. 

Aspinwall and Morrison als o iden tify theories which are related by the world- 
sheet parity transformation | A-M ]. We regard the latter as a symmetry of A4. It 
is given by change of orientation of the four-plane x or equivalently by a conjuga- 
tion of + (H even (A, E) ) with an element of 0(H even (A, E) ) - 0+ (H even (A, E)) 
which transforms the lattice H even (A, Z) and the reference four-plane xo into 
themselves. To stay in the classical context, one may choose an element which 
fixes v and v . More canonically, parity corresponds to (v,v ) i— > (—v,—v ). 
The latter induces £4 >-> and (E, V, B) i-> (£, V, -B). 

Let us consider the general pattern of identifications. When two points in Teich- 
miiller space are identified the same is true for their tangent spaces. Higher 
derivatives can be treated by perturbation theory in terms of tensor products of 
the tangent spaces Hi . Assuming the convergence of the perturbation expansion 
in conformal field theory, any such isomorphism can be transported to all points 
of 7~ 4 ' 4+l5 . Therefore a model isomorphisms are given by the action of a group 
on this space. In the previous considerations we have found a subgroup of 

Below we shall p rove t hat the interchange of v and v , which is the Fourier- 
Mukai transform [R-W|, also belongs to g( s \ When B = 0, this yields the map 
(£, V, 0) 1— > (£, V ,0). In the torus case, it is known as T-duality and it seems 
natural to extend this name to X = A3. We will not use the name mirror 
symmetry for this transformation. 

It is obvious that classical symmetries, integral B-field shifts, and T-duality 
gen erate all o f + (H even (X , Z)). Thus contains all of this group. As argued 
in [A-M,As2|, it cannot be larger, since otherwise the quotient of T 4 ' 4+s by 
gW plus the parity automorphism would not be Hausdorff jA"j| . For a proof of 
the Hausdorff property of M. one will need some features of the superconformal 
field theories, which should be easy to verify once they are somewhat better 
understood. First, one has to check that all fields are generated by the iterated 
operator products of a finite dimensional subspace of basic fields. Next one has to 
show that the operator product coefficients are determined in terms of a finite 
number of basic coefficients, and that the latter are constrained by algebraic 
equations only. This would show that M. is an algebraic space. In particular, 
every point has a neighborhood which contains no isomorphic point. All of these 
features are true in the known examples of conformal field theories with finite 
effective central charge, in particular for the unitary theories. They certainly 
should be true in our case. 

In the context of a models it often is useful to choose a complex structure 
on A. When such a structure is given, the real and imaginary parts of any 
generator of H 2,0 (X, C) span an oriented two-plane Q C S. Conversely, any 
such subspace Q defines a complex structure. This means that the choice of 
an Einstein metric is nothing but the choice of an S 2 of complex structures on 
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X, in other words a hyperkahler structure. In terms of cohomology, fl specifies 
H 2 '°(X,C) ffi H°- 2 (X,C). The orthogonal complement of Q in H 2 (X,R) yields 
R). Any vector w € H 1, (X, R) of positive norm yields a Kahler class 
compatible with the complex structure and the hyperkahler structure £ spanned 
by fl and uj. 

Since H 2 (X, Z) is torsionfree for tori and surfaces, the Neron-Severi group 
NS(X) can be identified with Pic{X) := H 2 (X,Z) n fT^pT.R), the Picard 
lattice of X. By a result of Kodaira 's, X is algebraic, if NS(X) contains an 
element p of positive length squared [Koj. Given a hyperkahler structure £ we 
can always find fl C £ such that X becomes an algebraic surface. It suffices to 
choose u> as the projection of p on £ and fl as the corresponding orthogonal 
complement. The projection is non-vanishing, since the orthogonal complement 
of £ in H 2 (X, R) is negative definite. Varying p one obtains a countable infinity 
of algebraic structures on X. Thus the occasionally encountered interpretation of 
moduli of conformal field theories as corresponding to nonalgebraic defor mati ons 
of K3 surfaces does not make sense (this was already pointed out in [Ce2 by 
different arguments). 

The choice of fl C £ lifts to a corresponding choice of a two-plane Q C x. 
As discussed above this selects a (2,2) subalgebra of the (4,4) superalgebra. 
We will refer to the choice of such a two-plane as fixing a complex structure. 
More precisely, the two-plane fl specifies a complex structure in every geometric 
interpretation of the conformal field theory. 



1.1. Moduli space of theories associated to tori. Originally, Narain determined 
the moduli space M. tor% of superconformal field theo ries associated to tori by 
explicit construction of nonlinear a models JC-E-N-T , Na ] . With the above for- 



malism we can reproduce his description as follows. 
Let us consider tori of arbitrary dimension d. We change the notation by trans- 
posing the group elements, which exchanges left and right group actions. This 
yields 

M Narain = x 0{d)\0{d, d) / 0{r d > d ) . 

This moduli space has a symmetry given by worldsheet parity. We shall see that 
its action on 0(d,d) exchanges the two 0(d) factors. For later convenience we 
are going to use the cover SO(d) x SO(d)\SO + (d,d)/SO+(r d ' d ) of M Naram . 
For even d this is a four-fold cover, for odd d a two-fold one. The R-span of r d,d 
is naturally isomorphic to R rf (R d )*, where R d is considered as an isotropic 
subspace and W* denotes the dual of a vector space W, and analogously for 
lattices. Thus 0(d,d) can be considered as the orthogonal group of a vector 
space with elements (a, /?), a, j3 £ R d and scalar product 

(a, /3) ■ (a',/3') = a ■ $ + a' ■ 0. 

There is a canonical maximal positive definite e?-plane given by a = (3 in R d © 
(R d )* = R d ' d . The group SO(d) x SO{d) is supposed to describe rotations in 
this (i-plane and in its orthogonal complement. In this description, the parity 
transformation consists of interchanging these two orthogonal c?-planes, plus a 
sign change of the bilinear form on R d,rf . 
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SO(d) x SO(d)\SO + (d,d) 



B 



(1.8) 
(1.9) 



Now we use the isometry 
V : SO{d)\GL+(d) x Skew(d x d,R) 
given by 

We identify A G GL + (d) with the image of Z d under A. Finally we change 
coordinates by pi := (a+/3)/V2, Pr := [a — 0)/y/2, such that the scalar product 
becomes 

(pi\Pr) ■ (PhPr) -=PlPl -PrP' r - (1-10) 

This means that the positive definite d-plane is given by p r — and its orthogonal 
complement by pi — 0. Altogether, with B := (A T ) 
now described by the lattice 



l BA~ x a point in M torl is 



r(A,B) = {(p l (X,f J ,);p r (X,f J ,)) 



:=^U-BX + X;n-BX-X 



(X,fi) e A® A*\ 



(1.11) 



The corresponding a model has the real torus T = M. d /A as target space and 
B G H 2 {T, R) = Skew(d x d, M) as B-field. Introducing d Majorana fermions 
ipi,...,ipd as superpartners of the abelian currents j\ , . . . , on the torus one 
constructs an iV = (2, 2) superconformal field theory wit h ce ntral charge c = 
3d/2 which will be denoted by T(A,B). From equation (1.9) it is clear that 
integral shifts of B and lattice automorphisms yield isomorphic theories. 
The theory is specified by its charge lattice r(A, B). Namely, to any pair (A, /i) G 
A(B A* there corresponds a vertex operator with charge (pi(X, jj,);p r (X, /i)) 
with respect to (ji, . . . ,jd',3i, ■ ■ ■ ,Jd) and with dimensions (h; h) = (\p\\ \pD- 
Thus h and — h are the squares of the projections of (pi\p r ) to the positive definite 
d-plane and its orthogonal complement, respectively. In this description, the 
parity operation is represented by the interchange of the latter two planes plus a 
sign change in the quadratic form on M. d,d . The transformations which exchange 
the sheets of our covering of Narain's moduli space M. Naram are given by targe t 
space orientation change and T-duality, as can be read off from equation (1.11). 
The partition function of this theory is 



Z(t,z) = Z a ,b(t) ■ 

i=l 

1 



0i(T,2t) 



J A,B 



(r) 



E 



\V( T )\ (,Y,,; .) 1 



t)(t) 
1 



(1.12) 



where q = cxp(27riT) and analogously for q. The functions &j(T,z),j = 1, ... ,4 
are the classical theta functions and ij(t) is the Dedekind eta function. For ease 
of notation we will write r] = rj(T), , dj(z) = $j(t, z), and $j = $j(t, 0) in the 
following. 

By considering Hi one easily checks that all theories in Ai torl are described 
by some even unimodular lattice r. We want to show that every such lattice 
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has a a model interpretation r = r(A,B) (see also [As2]). Choose a maximal 
nullplane Y C R d ' d = R d © (R d )* such that Y n T C r is a primitive sublattice. 
Apply an SO(d) x O(d) transformation such that the equation of this plane 
becomes (3 = 0. Put Y n J 1 = (/1*,0). Next choose a dual nullplane Y° such 
that Y © Y° = W l ' d and Y° n T c T is a primitive lattice, too. Existence of 
Y° can be shown by a Gram type algorithm. Then Y° = {(-B/3,/3) \ (3 S R d } 
for some skew matrix B, and -T = S). Note that different choices of Y° 
merely correspond to translations of B by integral matrices. So the geometric 
interpretation is actually fixed by the choice of Y alone as soon as B is viewed 
as an element of Skew(d) / Skew(d x d) Z). 

In this interpretation, M. d is identified with the cohomology group H 1 (R d /Z d , R) 
of the reference torus T = M. d /Z d . In addition to its defining representation, 
the double cover of the group SO + (d,d) also has half-spinor representations, 
namely its images in SO+ (H odd (T,M.)) and in SO+ (H even {T,R)). For d = 4 one 
has the obvious isomorphism SO+(4, 4) = SO + (H odd (T,R)), which tog ether 



with 50+(4,4) S , 0+( J ff et,erl (T,R)) yields the celebrated D 4 triality jL-M 
1.8]. It is the latter automorphism which we will need in this paper, since the 
odd cohomology of X does not survive orbifold maps. 

Note that for Spin(4, 4) representations on R 4,4 there is the same triality relation 
as for Spin(8) representations on R 8 , i.e. an £3 permuting the vector representa- 
tion, the chiral and the antichiral Weyl spinor representation. The role of triality 
is already visible upon comparison of the geometric interpretations, where the 
analogy betw een choices of nullplanes Y, Y° as described above and nullvectors 



v,v in (1.5) is apparent. Indeed, part of the triality manifests itself in a one 
to one correspondence between maximal isotropic subspaces Y C R 4 ' 4 and null 
Weyl spinors v such that Y = {y £ M. d ' d \ c(y)(v) = 0} where c denotes Clifford 



multiplication on the spinor bundle [ B-Ty . One can regard this as further justi- 
fication for the interpretation of v as volume form which generates H (T, Z) in 
our geometric interpretation. Recall also that in both cases different choices of 
Y°, v° correspond to B-field shifts by integral forms. 



We now explicitly describe the isom orphism to show that it is a triality 

automorphism. First compare fll.SD to (1.4) and notice that Skew{4) = R 3,3 
which will simply be written Skew(4) 3 B 1— > b 6 R 3 ' 3 in the following. More- 
over, because |det/l| is the volume of the torus T = M. d /A, we can decompose 
50(4)\GL+(4) ^ SO(4)\SX(4) x R+. Now let T Ao = M. 4 /A where A is a lat- 
tice of determinant 1 and is viewed as element of SL(A). Consider the induced 
representation p of SL(4) on the exterior product yl 2 (R 4 ) which defines an iso- 
morphism yl 2 (ylo) = H2(Ta ,Z) for every Aq e SL(4). Because p commutes 
with the action of the Hodge star operator * and * 2 = 1 on twof orms , SL(4) is 
actually represented by SO + (3, 3). In terms of coordinates as in (1.9) and with 



A = V 1 / i A = (Ai, . .. , A4), V = I det^l|, we can write 

p {A Q ) = V- 1/2 (Ai A A 2 , Ai A A 3 , Ai A A 4 , A 3 A A 4 , A 4 A A 2 , A 2 A A3) 

e SO+ (H 2 {T,R)) = SO + {3,3). 

Because 50+ (3, 3) = SL(A)/Z 2 and 50(3) x SO(3)/Z 2 ^ SO {A) we find 
SO(4)\SL(A) = T 3 ' 3 and all in all have 

T 4 ' 4 (1 = 8) SO(4)\GL+{4) x Skew(4) T 3 ' 3 x R+ x R 3 ' 3 T 4 ' 4 . (1.14) 
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By ( |1.14 ) the geometric interpretation of a superconformal field theory is trans- 
lated from a description in terms of the lattice of the underlying torus, i.e. 
in terms of A = f/i(T/i,Z), to a description in terms of ^(T^Z) = A 2 (A). 
This translation is essential for understanding the relation bet ween the moduli 
spaces M tor% and M. KZ . To actually arrive at the description ( |l.4| ) in terms of 
hyperkahler structures, i.e. in terms of H 2 (T, Z), we have to apply Poincare du- 
ality or use the dual lattice A* instead of A. This distinction will no longer be 

relevant after theories related by T-duali ty h ave be en i dentified. 

We insert the coordinate expressions in fll.SD and (1.5) into ( 1.14 ), write A = 
V^ 4 A , V = \detA\ as before and arrive at 







/yi/2 








V(A,B)^ 


-+S(A,B) = 














V o 








1 





\ 


b 


1 





||B|| 2 
2 


-b T 


1/ 



(1.15) 



Observe that ( 1.15| ) is a homomorphism T 4 ' 4 — > T 4,4 and thus gi ves a natural 



explanation for the quadratic depend enc e on B in (-L5). Moreover, ( 1.15 ) reveals 
the structure of the warped product ( |l.4j ) allu ded t o before. But above all on Lie 
algebra level one can now easily read off that (1.15) is the triality automorphism 
exchanging the two half spinor representations V and S. Namely, let hi, . . . , /14 
denote generators of the Cartan subalgebra of so(4,4). Here hi generates dila- 
tions of the radius Ri of our torus in direction A^. Since exp('dhi) scales V^- 1 ! 2 



by e ± ' 5 / 2 and with (1.13) one then finds that (1.15) indeed is induced by the 
triality automorphism which acts on the Cartan subalgebra by 



hi i-> \{hi + h 2 + h 3 + h^, h 2 
h 3 i-> \{h\ -h 2 + h 3 - hi), hi 



h 2 
h 2 



h 3 
h 3 



h 2 +h 4 



hi), 

hi) 




h 1 -h 3 



Note that triality interchanges the outer automorphisms of SO + (A, 4) related to 
worldsheet parity and target space orientation. 

Triality consideratio ns have a long history in superstring and supergravity theo- 
ries, see for example [ [3ha , Cu , G-0 1 . Concerning recent work, as communicated to 
us by N. Obers, 5*0(4,4) is crucial in the conj ectured duali ty between heterotic 



strings on the fourtorus and type II A on K3 | 0-P1 , K-O-P 
the calculation of G(Z 



In connection with 



invariant string theory a mplitudes on e can use triality 
to write down new identities for Eisenstein series |0-P1,0-P2|. 
We now come to a concept which is of major importance in the context of Calabi- 
Yau compactification and nonlinear a models, namely the idea of large volume 
limit. A precise notion is necessary of how to associate a unique geometric inter- 
pretation to a theory described by an even self dual lattice r when parameters 
of volume go to infinity. Intuitively, because of the uniqueness condition, this 
should describe the limit where all the radii of the torus in th is pa rticular geo- 
metric interpretation are large. Because in the charge lattice (1.11) A S A and 
fj, £ A* are interpreted as winding and momentum modes, the corresponding 
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nullplane Y should have the property 
Fnr = span z {^=(M;M) 



|/j|| 2 «i 



C span z |(p ; ;p,.) G P ||p ; || 2 < 1, ||p r || 2 < l| =: r. 



(1.16) 



Because ||pz|| 2 — ||p r || 2 G Z, for(p;;p r ) G .T we have ||pz|| 2 = ||p r || 2 . This shows Fn 
r = r because any (pi;p r ) $ Y = Y m ust have large components. Moreover, if 
a maximal isotropic plane Y as in ( 1.16| ) exists, then it is uniquely defined, thus 



yielding a sensible notion of large volume limit. Large volume and small volume 
limits are exchanged by T-duality. 

For our embedding of torus orbifold theories into the K3 moduli space A4 K3 we 
have to keep target space orientation. We also want to keep the left -right distinc- 
tion in the conformal field theory. Torus T-duality just yields a reparametriza- 
tion of the theory and should be divided out of the moduli space. Thus for us 
the relevant moduli space of torus theories is given by 

M ton = SO{d) x 0[d)\0+{d,d)/0 + (r d ' d ). (1.17) 

Notice that this is a double cover of j\4 Naram _ 



1.2. Moduli space of theories associated to K3 surfaces. We now give some more 
details about the moduli space of conformal field theories associated to K3 which 
we will concentrate on for the rest of the paper, namely 

M K3 = O+^wenpr.Zjjyr*' 20 (1.18) 

by ([L7]). For other presentations see A M. I! \\ . I): . 

In the decomposition (1.4) we determine the product metric such that it be- 
comes an isometry. In particular, it faithfully relates moduli of the conformal 
field theory to deformations of geometric objects. Recall that the structure of 
the tangent space Hi of Ai K3 in a given superconformal field theory is best 
understood by examining the (4, |)-fields in T\i<z- In our case we have re- 
lated it to the su(2)l usy © su(2)p isv invariant subspace of the tensor product 
Qi®Q r ® ® ^1/4 j where 7iy A denotes the charged and Ti-f^ the uncharged 
Ramond ground states. The invariant subspace of Qi®Q r ® yields a four- 
plane with an orthogonal group generated by su(2)i © su(2) r . When a frame 
in Qi (g) Q r is chosen, the latter tensor product factor can be omitted. The de- 
scription of M. implies that Ti^X © ^1/4 nas a natural non-degenerate indefinite 
metric and remains invariant under deformations, but it has not been understood 
how this comes about. In terms of the four-plane x £ T 4 ' 20 giving the location 
of our theory in moduli space, specific vectors in the tangent space T X T 4,20 are 
described by infinitesimal deformations of one generator £ G x in direction x 1 - 
that leaves f fli invariant. 

To f ormulate this in terms of a geometric interpretation (£ ', V, B) specified by 
( O) , pick a basis rjx, . . .,7719 of S 1 - C H 2 (X,R) ^ R 3 - 19 . Then x^ is spanned 

II B II 2 

by {r)i — (rji, B) v; i = 1, . . . , 19} and 7720 '■— v° + B — + V)v. In each of the 

50(4) fibres of Tix over rji — (rji, B) v, i = 1, . . . , 19 we find a threedimensional 
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subspace deforming generators of £ by rji, as well as the deformation of B in 
direction of rji . The fibre over 7720 contains B-ficld deformations in direction of 
£ and the deformation of volume. All in all, a 3 • 19 — 57 dimensional subspace 
of Hi = T X M. KZ is mapped onto deformations of E by (1, l)-forms rj £ S 1 - n 
H 2 (X,R) C H 1 - 1 (X,R), no matter what complex structure we pick in S. The 
23 dimensional complement of this subspace is given by 19 + 3 deformations of 
the B-field by forms rj £ H 2 (X, R) and the volume deformation. 
One of the most valuable tools for understanding the structure of the moduli 
space is the study of symmetries. So the next question to be answered is how 
to translate symmetries of our superconformal field theory to its geometric in- 
terpretations. Those symmetries which commute with the su(2)i © su(2) r action 
leave the four-plane x invariant and are called algebraic symmetries. When the 
N = (4, 4) supersymmetric theories are constructed in terms of (2, 2) supersym- 
metric theories one has a natural framing. In this context, algebraic symmetries 
are those which leave the entire vector space Qi © Q r of supercharges invari- 
ant. More generally, any abelian symmetry group of our theory projects to a 
u(l)i © u(l) r subgroup of su(2)i © su(2) r and fixes the corresponding N = (2, 2) 
subalgebra. When corresponding supercharges are fixed, the abelian symmetry 

group acts diagonally on the charge generators J ± ,J of su{2) 8 l usv © su(2) s r usy . 
The algebraic subgroup of this symmetry group is the one which fixes these 
charges. 

If the primitive nullvector v specifying our geometric interpretation (S, V, B) is 
invariant upon the induced action of an algebraic symmetry we call the latter a 
classical symmetry of the geometric interpretation (£, V, B). Because a classical 
symmetry a* fixes x by definition we get an induced automorphism of H 2 (X, R) 
which leaves £ C H 2 (X 7 R) and B £ H 2 (X,R)/H 2 (X,Z) invariant. Moreover, 

because £4 in (1.5) is invariant as well, 7720 = v° + B — (^-^ — \-V)v is fixed. Thus 
a* acts trivially on moduli of volume and B-ficld deformation in direction of S. 
Because a* acts as automorphism on ljl (X, R) = f2 ± r\H 2 (X, R) for any choice 
of complex structure fl C £ on X leaving the onedimensional H 1 ' (X, R) n £ 
invariant, all in all, x i— > (£, V, B) maps the action of a* to an automorphism of 
H 2 (X,M) which on _ff l!l (X,R) has exactly the same spectrum as a* on (|, |)- 
fields with charge, say, Q = Q = 1. 

If the integral action of a* on H 2 (X,C) is induced by an automorphism a £ 
Aut(X) of finite order of the K3 surface X, then by defini tion, because a* acts 
trivially on H 2 '°(X, C), a is an algebraic automorphism ]Ni2[] . This notion of 
course only makes sense after a choice of complex structure, or in conformal 
field theory language an N = (2, 2) subalgebra of the N — (4, 4) superconformal 

algebra fixing generators J, J* , J, J of su(2)i © su(2) r . Still, because we always 
assume the metric to be invariant under a* as well, i.e. 2J C H 2 (X, R) Q , this is 
no further restriction. On the other hand, given an algebraic automorphism a of 
X which induces an automorphism of H 2 (X, R) that leaves the B-field invariant, 

a induces a symmetry of our conformal field theory which leaves J, J*, J, J 
invariant. This gives a precise notion of how to continue such an algebraic auto- 
morphism to the conformal field theory level. 

We are thus naturally led to a discussion of algebraic automorphisms of K3 sur- 
faces, which are mathematically wel l understood thanks to the work of Nikulin 
[N12| for the abelian and Mukai [Mx] for the general case. The first to explicitly 
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take advantage of their speci al prope rties in the context of conformal field the- 
ory was P.S. Aspinwall jAslJ] , From |Ni2| , Th. 4.3,4.7,4.15] one can deduce the 
following consequence of the global Torclli theorem: 

Theorem 1.1 

Let g denote an automorphism of H 2 (X, C) of finite order which maps forms 
corresponding to effective divisors of self intersection number —2 in Pic(X) to 
forms corresponding to effective divisors. Then g is induced by an algebraic 

automorphism of X iff (H 2 (X, n H 2 {X, Z) C Pic(X) is negative definite 

with respect to the intersection form and does not contain elements of length 
squared —2. 

If for a geometric interpretation {S, V, B) of x G + (H even (X,Z))\T 4 - 20 we 
have classical symmetries which act effectively on what we read off as H 2 (X, C) 
but are not induced by an algebraic automorphism of the K3 surface X by 
theorem 



1.1 



then our interpretation of x as giving a superconformal field theory 
breaks down. Such points should be conifold points of the moduli space A4 K3 , 
characte rize d by too high an amount of symmetry. One can regard Nikulin's 
theorem 



1.1 



as harbinger of Witten's result that in points of enhanced symmetry 
on the moduli space of type IIA string theo ries compactified on K3 the conformal 
field theory description breaks down WIS]. 

By abuse of notation we will often renounce to distinguish between an algebraic 
automorphism on K 3 an d its induced action on cohomology. 
From Mukai's work | Mu , Th. 1.4] one may learn that the induced action of any 
algebraic automorphism group G on the total rational cohomology H* (X, Q) is 
a Mathieu representation of G over Q, i.e. a representation with character 



x(g) — fi(ord(g)), where for n G N : [i(n) := 



24 



n 



(1.19) 



It follows that 



dim Q H* (X, Qf = fj,(G) := i £ fi(ord(g)) 

1 1 gee 



(1.20) 



[Mr, Prop. 3.4]. We remark that because G acts algebraically, we have 
dim Q H*(X,Q) G = dim R H*(X,M.) G = dim c H*(X, C) G . By definition of al- 
gebraic automorphisms H*(X,C) G D H°(X,C) © H 2 '°{X,C) H°- 2 (X,C) 
H 2 - 2 (X,C), so 

Ai(G)-4 = dim R i? 1 ' 1 (X,R) G . (1.21) 



Moreover, from theorem 



1.1 



we know that (H 2 (X,R) G ) C H^iX^) is nega- 
L,1 (X, R) has signature (1, 19), we may conclude that 



tive definite, and because H 
it contains an invariant element with pos itive length squared. Thu s fi( G) > 5 for 
every algebraic automorphism group G [Mu, Th. 1.4]. Moreover [ [Mrj , Cor. 3.5, 
Prop. 3.6], 

G ^ {1} => (i(G) < 16. (1.22) 

Finally let us consider the special case of an algebraic automorphism a of order 
4, which will be useful in due course. By rik we denote the multiplicity of the 
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eigenv alue i k of the induced action a* on H 1 1 (X, C). Because by (1.19) and 
( |l.20|) /i(Z 4 ) = 10 and / u(Z 2 ) = 16, using ( [L~2~ll ) we find n = 10 - 4 = 6, n 2 = 
16 — 4 — no — 6. The automorphism a* acts on the lattice H 2 (X, Z), so it must 



have integer trace. On the other hand 20 = dime H 1:1 (X, 
hence 

n = n 2 = 6, rii =^3=4. 



(1.23) 



2. Special subspaces of the moduli space: Orbifold theories 

This section is devoted to the study of theories which have a geometrical inter- 
pretation on an orbifold limit of K3. We begin by giving a short account on the 
relevant features of the orbifold con struction, for details the reader is referred to 



the vast literature, e.g. [ |D-H-V-Wj ,[Di|1. 

On the geometric side, the Z; orbifold construction of K3 can be described as 
follows [ Wa]: Consider a fourtorus T, where T = T 2 xT 2 with two Z; symmetric 



twotori T 2 — C/L,T 2 = C/L which need not be orthogonal. Let C € Z; act 

algebraically on (2:1,22) € T 2 x T 2 by (21,22) >-> (C z i> C -1 ^)- Mod out this 
symmetry and blow up the resulting singularities; that is, replace each singular 
point by a chain of exceptional divisors, which in the case of Zj -fixed points have 
as intersection matrix the Cartan matrix of Ai—\. In particular, the exceptional 
divisors themselves are rational curves, i.e. holomorphically embedded spheres 
with self intersection number —2. In terms of the homology of the resulting sur- 
face X these rational curves are elements of H-2(X, Z) r\Hii(X, C). To translate 
to cohomology we work with their Poincare duals, which now are elements of 
Pic(X) with length squared —2. One may check that for I <E {2,3,4,6} this 
procedure changes the Hodge diamond by 

1 1 

2 2 

I 4 1 1 — ► 1 20 1 
2 2 

1 1 

and indeed produces a K3 surface X, because the automorphism we modded 
out was algebraic. We also obtain a rational map it : T — > X of degree I by this 
procedure. To fix a hyperkahler structure we additionally need to pick the class 
of a Kahler metric on X. We will consider orbifold limits of K3 surfaces, that 
is use the orbifold singular metric on X which is induced from the flat metric 
on T and assigns volume zero to all the exceptional divisors. The corresponding 
Einstein metric is constructed by excising a sphere around each singular point 
of T/Zj and gluing in an Eguchi Hanson sphere E2 instead for / = 2, or a 
generalized version Ei with boundary dEi = S 3 /Z; at infinity and nonvanishing 
Betti numbers b (Et) = l,b 2 {E l ) = b 2 (E t ) =1-1, i.e. X {Ei) = I. The orbifold 
limit is the limit th ese Eguchi Hanson type spheres have shrunk to zero size 
in. The description (|l.6j) of the moduli space of Einstein metrics of volume 1 



on KZ includes orbifold limits [K-T], and as was shown by Anderson [An] one 
can define an extrinsic L 2 -metric on the space £ of regular Einstein metrics of 
volume 1 on K3 such that the completion of £ is contained in the set of regular 
and orbifold singular Einstein metrics. 
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On the conformal field theory side the orbifold construction is in total analogy 
to the geometric one described above. Assume we know the action of Z; on the 
space of states Ti of a conformal field theory with geometric interpretation on 
the torus T we had above. To construct the orbifold conformal field theory, keep 
all the invariant states in TL and then - for the sake of modular invariance, if we 
argue on the level of partition functions - add twisted sectors. For ( G Z;, the 
^-twisted sector consists of states corresponding to fields p which are only well 
defined up to (-action on the world sheet of the original theory, that is ip : Z — > 
T, tp(ao + 1, <ri) = (p(ao, o"i). Z denotes the configuration space as mentioned in 
the introduction and coordinates (aa, <Ji),ctq ~ oo + l, (&o, "l) ~ (ero + T o, 01+T1) 
are chosen such that </?(0, 0) is a fixed point. In other words, the constant mode 
in the Fourier expansion of ip is a fixed point of (. The other modes are of 
non integral level, so the ground state energy in the twisted sector is shifted 
away from zero. More precisely, the ground state \£c,p ( ) of the (-twisted sector 
r^ iP< belongs to the Ramond sector and has dimensions h = h = ^ = \- The 
corresponding field £(, Pc introduces a cut in Z from (0, 0) to (to, ti) ~ (0, 0) to 
establish the transformation property ip(uo + 1, o\) = (</?(ero, for \ip) 6 7~t(,p ( , 
often referred to as boundary condition. The field S(. Pl - is called a twist field. For 
expl icit formu lae of partition functions for Z; orbifold conformal field theories 
s ee [ E-O-T-Y l, for the special cases I = 2 and I — 4 we are studying here see 
(^3|) and (|2.14|). 

To summarize, we stress the analogy between orbifolds in the geometric and the 
conformal field theory sense once again; in particular, the introduction of a twist 
field for each fixed point and boundary condition corresponds to the introduction 
of an exceptional divisor in the course of blowing up the quotient singularity, if 
we use the metric which assigns volume zero to all the exceptional divisors. 

By construction orbifold conformal field theories have a preferred geometric in- 



terpretation in the sense of section 1.2. We will now investigate this geometric 



interpretation for Z2 and Z4 orbifolds, particularly taking advantage of their 
specific algebraic automorphisms. A program for finding a stratification of the 
moduli space could even be formulated as follows: Find all subspaces of theories 
having a geometric interpretation (17, V 1 B) with given algebraic automorphism 
group G. Relations between such subspaces may be described by the modding out 
of algebraic automorphisms. Any infinitesimal deformation of S by an element of 
iJ 1,1 (X, K) will preserve the symmetries in G, as well as volume deformations 
and B-field deformations by elements in H 2 (X, R) . The subspace of theories 
with given classical symmetry group G in a geometric interpretation therefore 
can maximally have real dimension 3(/z(G) — 5) + 1 + /i(G) — 2 = 4(/i(G) — 4) 
in accord with (1.21). In particular, for the minimal value fJ-(G) = 5, the only 
deformations preserving the entire symmetry are deformations of volume and 
those of the B-field by elements of E. 

Of course, the above program is far from utterly realizable, even in the pure 
geometric context, but it might serve as a useful line of thought. Z2 Orbifolds 
actually yield the first item of this program: We can map the entire torus moduli 
space into the K3 moduli space by modding out the symmetry z — z. The 
description is straightforward if we make use of th e geo metric interpretation of 
torus theories given by the triality automorphism (1.14), because the geometric 
data then turn out to translate in a simple way into the corresponding data on 
K3. 
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2.1. Z2 Orbifolds in the moduli space. Some comments on Z2 orbifold conformal 
field theories as described at the beginning of the section are due, before we 
can show where they are located within the moduli space A4 K3 . We denote the 
Z2 orbifold obtained from the nonlinear a model T(A, Bt) by JC(A, Bt). If the 
theory on the torus has an enhanced symmetry G we frequently simply write 
G/Z 2 , e.g. SU{2)f/Z 2 for /C(Z 4 ,0). 

In the nonlinear a model on the torus T = R 4 //l as described in section 1.1 the 
current jk generates translations in direction of coordinate Xk- This induces a 
natural correspondence between tangent vectors of T and fields of the nonlinear 
a model which is compatible with the so(4) action on the tangent spaces of T 
and the moduli space, respectively. After selection of an appropriate framing 
of Qi ® Q r to identify su(2)1 u r sy with su(2)i yr as described in section |j] the 
ifik are the superpartners of the jk- Hence the choice of complex coordinates 



V2 



(xi + ix 2 ),z 2 
4 1 ' := 



1 

V2 



1 

V2 



(.T3 + ixi) corresponds to setting 



(2.1) 



71(^3 ± #4)- 

The holomorphic VF-algebra of our theory has an sw(2)^-subalgebra generated 

by 



J 



A := ^Vi X) 



/(2) ,(2) 
,(2) ,(2) 



A' 



A~ 



(2.2) 



Its geometric counterpart on the torus is the Clifford algebra generated by the 
twoforms dzi A dzi + dz 2 A dz 2 , dz\ A dz 2 , dz~i A d~z 2 ;dzi A dzi — dz 2 A d~z 2 , dzi A 
d~z 2 , dz 2 A d~z\ upon Clifford multiplication. 

The nonlinear a model on the Kummer surface K.(A) is the "ordinary" Z2 orb- 
ifold of the above, where Z2 a cts by jk 1— * —jk,ipk >— » —ipk, k — 1, ... ,4. Note 
that the entire su(2) f -algebra (|2.2| ) is invariant under this action, thus any non- 
linear a model on a Kummer surface possesses an su(2) ^-current algebra. The 
iVS-part of its partition function is 



Zns(t,z) — \ I Z a ,b{t) 



V 



Mz) 



V 



V 

#2^4 



Mz) 



(2.3) 



Here and in the following we decompose partition functions into four parts 
corresponding to the four sectors NS,NS, R,R, i.e. with y — exp(2iTiz),y = 
exp(j-2-Kiz) 

Z = 5 (Zns 
Z ns (t, z) = tr NS 

(-l fqLo-^qLo-^yJoyJo = Z NS (r, Z + ±), 



Z NS + Z R + Z ft) 



J NS 



(t,z) = tr NS 



ly J Oy J 



Zr(t,z) = tl R 
Z^(t, z) = tr_R 



1 g L 0-^4 yJ<)7yJa 



{qq)™(yy)e Z ns (t,z + ^), 



(-l) F q L °-^q L o-fiy J Oy J o = Z R ( T , Z + ±) 



(2.4) 
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Given Z^s the entire partition function can be determined by using the above 
flows to find Zjfg, Zr and Z^. 

This orbifold model has an TV = (16, 16) supersymmetry. We are interested 
in deformations which conserve N = (4,4) subalgebras. As explained in sec- 
tion H, the latter are given by chiral and antichiral (5, ^-fields. Generically, 
the Neveu-Schwarz sector contains 144 fields with dimensions (h,h) = (5,5). 
Their quantum numbers under (J, A; J, A) are (e\, £2; £3, £4), £j £ {±1} (16 
fields), (ei, 0; £ 3 , 0)_(64 fields), and (0, £ 2 ; 0, £4) (64 fields). The 80 fields which are 
charged under (J; J) yield the N — (4, 4) supersymmetric deformations which 
conserve the superalgebra that contains the J currents. The 80 fields which 
are charged under (A; A) yield deformations conserving a different N = (4, 4) 
superalgebra. The latter corresponds to the opposite torus orientation. 
Let us now focus on the description of the resulting geometric objects, namely 
Kummcr surfaces denoted by IC(A) if obtained by the Z2 orbifold procedure from 
the fo urtor us T = M. 4 /A. Generators of the lattice A are denoted by Ai, . . . , A4. 



From ( 1.14 ) we obtain an associated three-plane St C H (T, R), i.e. an Einstein 
metric on T, and we must describe how the Teichmiiller space T 3,3 of Einstein 
metrics of volume 1 on the torus is mapped into the corresponding space T 3,19 
for K3. This is best understood in terms of the lattices H 2 (T, Z) = r 3 ' 3 and 
77 2 (AT,Z) = r 319 ,X = JC{A). In our notation 77 2 (T,Z) is generated by A 
fj,k , j, k £ {1, . . . , 4} if (/ii, . . . , Hi) is the basis dual to (Ai, . . . , A4). St is defined 
by its relative position to a reference lattice T 3 - 3 = 77 2 (T,Z) C H 2 (T,R). Note 
that in order to simplify the following argumentation we rather regard St C 
77 2 (T, Z) as giving the position of the lattice 7J 2 (T, Z) = span z (^ A Hk) relative 
to a fixed three-plane span R (ei A e 2 + e% A e&, e\ A + A 62, e.\ A e± + e2 A 63) 
with respect to the standard basis (ei, . . . , e^) of R 4 . 



To make contact with the theory of Kummer surfaces we pick a complex structure 
Q T c St- The Z 2 action on T has 16 fixed points | J2k=i £ k^k,£ € ¥\. We can 
therefore choose indices in F 4 . to label the fixed points^]. Note that this is not only 
a labelling but the torus ge omet ry indeed induces a natural affine Fj-structure 



on the set / of fixed points Nil , Cor. 5]. The twoforms corresponding to the 16 
exceptional divisors obtained from blowing up the fixed points are denoted by 
{Ei lie/}. They are elements of Pic(X) no matter what complex structure 
we choose, because we are working in the orbifold limit, i.e. ± S V i G /. Let 
77 C Pic(X) denote the primitive sublattice of the Picard lattice that contains 



{Ei I i G /}. It is called Kummer lattice and by Nil, Th. 3]: 



Theorem 2.1 

The Kummer lattice U is spanned by the exceptional divisors {Ei \ i £ 1} and 
{ i J^ieH Ei I 77 C 7 is a hyperplane] . On the other hand, a K3 surface X is a 
Kummer surface iff Pic(X) contains a primitive sublattice isomorphic to II. 

Let 7r : T — > X be the degree two map from the torus to the orbifold singular 
Kummer surface. Using Poincare duality, one gets maps 7r* from the homology 
and cohomology groups of T to those of X, and ir* in the other direction. In 
particular, this gives the natural embedding 71% : H 2 (T, Z)(2) H 2 (X, Z) (here 
r(2) denotes 7^ with quadratic form scaled by 2). The image lattice will be called 
K. We prefer to work with metric isomorphisms and therefore denote the image 



F2 denotes the unique finite field with two elements. 
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in K of an element a £ H 2 (T, Z) by \f2a. In particular, we write \f2\ij Aft, j, fc = 
1, . . . ,4 for the generators of K. The lattice H 2 (X, Z) contains 7C © 77 and is 
contained in the dual lattice K* ® II* . The three-plane £ C H 2 (X, R) which 
desc ribes the location of the singular Kummer surface within the moduli space 



(1.6) of Einstein metrics of volume 1 on K3 is given by £ — n^Ux- 
A descrip tion of how the lattices K and 77 are embedded in 77 2 (A, Z) can be 
found in First notice K*/K = (Z 2 ) 6 = II* /II, where 77* /i7 is generated 

by {iEieP~^ | P C 7 is a plane}. The isomorphism 7 : — ► 77*/77 
is most easily understood in terms of homology by assigning the image in X 
of a twocycle through four fixed points in a plane P C 7 to ^X^ep-^- For 
example, 7(75/^ Aft) = IE.e^^, Jj-k = spa% 2 (/,-,/ fe ) C Ff, e F| 
the jth standard basis vector. Note that Pjk may be exchanged by any of its 
translates I + Pjk, I EF^- Next check that the discriminant forms of K* /K and 
77* /77, i.e. the induced Q/2Z valued quadratic forms, agree up to a sign. Then 

77 2 (A, Z) - {{x, y) e K* 77* | 7 (x) - y} , (2.5) 

x, y denoting the images of x,y under projection to K*/K, II* /II. The iso- 



morphism (2.5) provides a natural prim itive embedding K _L 77 77 2 (A, Z), 



which is unique up to isomorphism [Nil, Lemma 7]. Here, H 2 (X,Z) = r 3 - 19 is 
generated by 

M := {72^ A ^ + IE Ei + 1 ' 1 G J } and span z ( E i,i£!)- ( 2 -6) 

■tePjk 

Hence r 33 (2) = 77 2 (T,Z)(2) 77 2 (A,Z) = r 319 is naturally embedded, and 
in particular £ C H 2 (X, R) = H 2 (X,Z) <g> R is obtained directly by regarding 
£ T C 77 2 (T,R) = 77 2 (T,Z) ® R ^ 77 2 (X, Z) ® R as three-plane in 77 2 (A,R). 
To describe where the image JC(A, Bt) of a superconformal field theory T(A, Bt) 
under Z 2 orbifold is located in M K3 we now generalize the above construction 
to the quantum level. We have to lift to an embedding : H even (T, Z)(2) 
H even (X,Z). The image will be denoted by K. Apart from \ij A ft the lattice 
H even (T,Z) has generators v,v° as defined in ([D]). Note that TsT cannot be 
embedded as primitive sublattice in F 4 ' 20 such that K _L 77 because K* /K = 
(Z 2 ) 8 ^ (Z 2 ) 6 ^ 77*/77. This means that the B-ficld of the orbifold theory must 
have components in the Picard lattice. 

The torus model is given by a four-plane xt C H even (T, R) , the corresponding 
orbifold model by its image x — tt^xt in H even (X, Z)<g>R. To arrive at a complete 
description, we must find the embedding of H even (X, Z) in K ® M + 77 2 (A, R). 
Since scalar products with elements of K must be integral and ^/2v° € K, every 
a 6 77 must have a lift ;4| u + a or + a in H even (X, Z). Those elements for which 

the lift has the form + a must form an + (H even (T,Z)) invariant sublattice 
of 77. One may easily check that this sublattice cannot contain the exceptional 
divisors Ei,i € I. Moreover, as unimodular lattice H even (X, Z) must contain an 
element of the form -^v° + a with a E 77*. One finds that H even (X,Z) must 

contain the set of elements 

M:=Mu{^v°-^2Ei; -^v + E^iEl). (2.7) 

i<£l 



22 



W. Nahm, K. Wendland 



In analogy to Nikulin's description ( |2.5| ) and (2.6) of H 2 (X, Z) = L 3,19 we now 
find 

Lemma 2.2 

The lattice T spanned by M and {ir E II | Vm S M : (ir, m) £ Z} is isomorphic 

tor 4 ' 20 . 

Proof: 
Define 



E, 



iei 



(2.8) 



,lel; Ei.iel 



Then I 1 is generated by v, v° and the lattice 

r := span z (^Hj A/ife + ^ 

_ ieP Jk 

Because (Ei,Ej) — — 25ij and upon comparison to (2.6) it is now easy to see 
that r = L 3,19 . Moreover, v, v° _L r and span z (0, v°) = U completes the proof. 

□ 



In particular, lemma 2.2 describes a natural embedding L 4 ' 4 (2) = H even (T, Z)(2) 
H even (X,1) = J 14,20 . As in the case of embedding the Teichmiiller spaces 
T 3,3 <^-> T 3 ' 19 this enables us to directly locate the image under Z2 orbifold of a 
conformal field theory corresponding to a four-plane x C H even (T, R) = L 4,4 <X)R 
within M K3 by regarding x as four-plane in H even (X,R) = T 4 - 20 <g> R. Note 
that in this geometric interpretation v,v° are the generators of H (X, Z) and 
H°{X,Z). 

Theorem 2.3 

Let (St,Vt, Bt) deno te a geometric interpretation of the nonlinear a model 
T(A,Bt) as given by (1.14), Then the corresponding orbifold conformal held 
theory K.(A, Bt) associated to the Kummer surface X = K{A) has geometric 
interpretation (E, V, B) where ZJ S T 3,19 as described after theorem 2.1, V — ¥f 
andB = -\=B T 

v2 



(2) ,4 2) = |£*i/^eff e 



, ~ _ -,_,-_/ - ■ - ■■ Z) with Ei € ff e " en (X, Z) 

of length squared -2 given in ( |2.g| ). 
In particular, the Z2 orbifold procedure induces an embedding M torl A4 K3 
as quaternionic submanifold. 

Proof: 

Pick a basis , i e {1, 2, 3} of LV. Then by ( |1.5| ) the nonlinear cr model T(/l, 

is given by the four-plane x with generators £j = er^ — (<7j, Bt)v, i G {1, 2, 3} and 



£4 = w° + B T 



V T - 



v. By the embedding T 



4,4 



1 {T,\ 



= r 4 ' 20 (g) R given in lemma 2.2 it is now a simple task to reexpress 
the generators of x using the generators v,v° of H 4 (X,Z) and H°(X,Z); 



V2(<Ji 
Bt + I Vt 



{(Ti,B T )v) 

II 



V2<Ji - (V2a,, -j=B T ) 



72 Bt 



V2 

1 R (2) 
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Comparison with (1.5) directly gives the assertion of the theorem. 



□ 



Theorem 2.3 makes precise how the statement that orbifold conformal field the- 
ories tend to give value B = | to the B-ficld in direction of exceptional divisors 
| As2 , §4] is to be understood. Note that x n r 4 20 does not contain vectors 
of length squared -2, namely E, t E x^, ||^|| 2 = -2 but E { <£ H even (X,Z). In 
the context of compactifactions of the type IIA string on K3 this proves that 
Z2 orbifold conformal field the ories do not have enhanced gauge symmetry. A 
similar statement was made in [Asl] and widely spread in the lit erat ure, but we 
were unable to follow the argument up to our result of theorem 2.3. 



2.2. T-duality and Fourier-Mukai transform. By theorem |2.3| any automor- 
phism on the Teichmiiller space T 4,4 of M. tor% is conjugate to an automorphism 
on the Teichmiiller space T 4,20 of Ai K3 . In particular, nonlinear a models on tori 
related by T-duality must give isomorphic theories on K?> under Z2 orbifolding. 
To show this explicitly and discuss the duality transformation on Ai K3 obtained 
this way is the object of this subsection. 

For simplicity first assume that our a model on the torus T = M. 4 /A has van- 
ishing B- field, where we have chosen a geometric interpretatio n (£ t,Vt,0)- 
Then T-duality acts by (£ T , V T , 0) i-> (S T ,1/V T , 0). By theorem |J the corre- 
sponding Z2 orbifold theories have geometric interpretations (£, Vr/2,B) and 
(£, 1/2Vt, B), respectively, where £ is obtained as image of the embedding 

£ T C H 2 (T,M) ^ H 2 (X,R) and B = \B$ = \ Y Ji ^i%- We will now con- 
struct an automorphism of the lattice H even (X, Z) which fixes the four-plane 
x corresponding to the model with geometric interpretation (£, Vj>/2,B) and 
acts by 1— * 1/2Vt- In other words, we will explicitly construct the duality 
transformation induced by tor us T-duality on A4 K3 . Our transformation be- 
low was already given in [ R- W ] but not wi th com plete proof. Within the context 
of boundary conformal field theories, in [B-E-R| it was shown that induces 
an isomorphism on the corresponding conformal field theorie s. T he relation to 
the Fourier-Mukai transform which we will show in theorem 2A has not been 
clarified up to now. 

By the four-plane x C H even (X,Z) is spanned by £ = £_(£) and the 

vector £4 = v° + B + + l)v (notations as in theorem 2.3). Because by the 

above fixes x and £ pointwise, the unit vector G £ ± H x must be 

invariant, too, i.e. invariant under the transformation Vt 1— * 1/Vr- Hence 



V T v v 



V t B 



Vt)v 



for any value of Vt- We set v := 0(v),v° := 0(v°) etc. and deduce 



B + v = ±u, 



B 



(2.9) 



The first equation together with (B,v) = (B,v°) = 0, ||-B|| 2 = —2 implies 
(B,v) — —4 and justifies the ansatz 



B = -4w° - OL r Ei 
iei 



iei 



(a,-l) 2 = 1, 



iei 



= 8- 2a. 
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The only solutions satisfying J^iei a i^i H even (X,'Z), which must be true by 
(|2.9|), are a; G {0,2} for some i G I and a, = 1 for i ^ i , correspondingly 



a G {— |, — |}. We conclude that if the automorphism exists, then it is already 
uniquely determined up to the choice of a and of one point iq G 7. The two 
possible choices of a turn out to be related by the B-ficld shift B i— > 73—273 = — B 
and yield equivalent results. In the following we pick a = — | and find 

v = 2{v + d ) + \^%, v° = 2{v + tP) + \^E T i -% . (2.10) 
ig/ iei 

One easily checks that U := span z (u, t>°) = U. By 77 we denote the orthogonal 
complement of U in span z (t;, v°) _L 7 7 = £/ _L 77, where 77 is the Kummer lattice 



of X as introduced in theorem 2.1. Note that in 7 there are 15 hyperplanes 
77; , i G Iq = I — {iq} which do not contain i . The label i G 7 is understood as 
the vector dual to the hyperplane 77;. Since the choice of io can be seen as the 
choice of an origin in the affine space F2, the latter can be regarded as a vector 
space, and we have a unique natural isomorphism (F|)* = F|. One now checks 
that 77 is spanned by Ei, i G 7, with 

7? io :=u-w°, Ei := -\ ^ Ej -v-\P (i ^ i ) ^ 

as well as \ 2~2i^H ^ ^ or an y hyperplane 77 C 7. The signs of the 75; have been 
chosen such that B — \B^ — \ J2iei ^i- 

Since (7?;,75j) = — 2(5;-,-, one has 77 = 77. Hence 0{Ei) — Ei is a continuation of 



( 2.10 ) to an automorphism of lattices U _L 77 = U J- 77, and we find O 2 = 1. 
Note that the action of can be viewed as a duality transformation exchanging 
vectors i G 7 with hyperplanes 77;, z G 7. Two-planes P G 7 are exchanged 
with their duals P* which shows th at can be continued to a map on the entire 
lattice H*(X, Z) consistently with (2.5). The induced action on K = 7r*77 2 (T, Z) 



leaves £ invariant. We also see that the above procedure is easily generalized to 
arbitrary nonlinear a models T(A, Bt). 

Let S denote the classical symmetry which changes the sign of E ; and leaves 



t he o ther lattice generators 75;, i ^ iq, v, tr , ^.j A invariant. By (2.10) and 



(2.11) one has OS = TfmO, where Tfm is the Fourier-Mukai transformation 



which exchanges v with v°. Since Tfm = OS0, all in all we have 
Theorem 2.4 

Torus T-duality induces a duality transformation as given by (2.10) and (2.11) 
on the subspace of A4 K3 of theories associated to Kummer surfaces in the orb- 



ifold limit (see also t R-W l). The Fourier-Mukai transform Tfm which exchanges 
v with v° is conjugate to a classical symmetry S by the image of the T-duality 
map on theories associated to the torus. 



Note tha t by theorem 2.4 we can prove AspinwalPs and Morrison's descrip- 
tion (1.7) of the moduli space A4 K3 purely within conformal field theory with- 
out recourse to Landau-Ginzburg arguments. Namely, as explaine d in section 
[j], the group C/( 16 ) needed to project from the Teichmuller space ([0]) to the 
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component A4 K3 of the moduli space contains the group + (H 2 (X, Z)) of clas- 
sical symmetries which fix the vectors v, v° determining our geometric inter- 
pretation. Moreover, for any primitive nullvector v° with (v,v°) = 1 there 
exis ts an element g £ Q^ 6 ' such that gv — v and gv° = v°. By theorem 
2.4 the symmetry Tfm G + {H even {X ,1)) which exchanges v and v° and 
leaves x invariant also is an element of £< 16 ), thus 0+(H even (X, Z)) C G {16) 
and 0+{H even {X,Z)) = under the assumption that M K3 is Hausdorff, as 
argued in section [j] 



2.3. Algebraic automorphisms of Kummer surfaces. To describe strata of the 
moduli space M K3 we will study subspaces of the Kummer stratum found above 
which consist of theories with enhanced classical symmetry groups in the geo- 
metric interpretation given there. Concentrating on the geometric objects first, 
in this subsection we investigate algebraic automorphisms of Kummer surfaces 
which fix the orbifold singular metric. Such an automorphism induces an au- 



tomorphism of the Kummer lattice 77 because by K = 77 (T, Z)(2) and (2.5) 



all the lattice vectors of length squared —2 in belong to 77, and 77 ® K by 



theorem 2.1 is spanned by the lattice vectors Ei,i £ 7 of length squared —2. 



Vice versa, 
Lemma 2.5 

The action of an algebraic automorphism a which fixes the orbifold singular 
metric on a Kummer surface X is uniquely determined by its action on the set 
{Ei | i £ 7} of forms corresponding to exceptional divisors, i.e. by an afBne 
transformation A a £ Aff(7). 

Proof: 

Let a* d enot e the induced automorphism on the Kummer lattice 77. By theorem 



2.1 and (2.5) the intersection form on 77 is negative definite and the ±Ei,i £ 7 
are the only lattice vectors of length squared —2. Therefore, a* is uniquely 
determined by a* {Ei) — Si{a)e Aa ^ for i £ 7, where £i{a) £ {±1} and A a £ 
Aff(I). Actually, Si{a) = Ei{A a ), because A a {i) = 1 =*> Si{a) = 1 for otherwise 
Ei £ {H 2 {X, Z) a )- L with length squared —2 contradicting theorem |l.l| . Assume 
A a — A a i for another algebraic automorphism a' fixing the metric. Then g := 
(a -1 o a')* acts trivially on 77, and because E is fixed by g as well, f or the group 



G generated by a" 1 o a' we find /j,{G) > 2 + 3 + 16 = 21. Now ( |l.22| ) shows that 



G is trivial, proving a = a 1 . □ 

By abuse of language in the following we will frequently use the induced action 
of an algebraic automorphism on 77 or in Aff(7) as a shorthand for the entire 
action. 

Theorem 2.6 

For every Kummer surface X the group of algebraic automorphisms hxing the 
orbifold singular metric contains F| C Aff(7), which acts by translations on I. 

Proof: 

Any translation ti £ Aff(7) by i £ I acts trivially on TI* /II. Thus i< can be 
continued trivially to H 2 {X, Z) by fl2.5|). One now easily chec ks t hat the resulting 



automorphism of 77 {X, C) satisfies the criteria of theorem 1.1. □ 
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Next we will determine the group of algebraic automorphisms for the Kummer 
surface associated to a torus with enhanced symmetry: 

Theorem 2.7 

The group of algebraic automorphisms fixing the orbifold singular metric of 
X = JC(A),A ~ Z 4 is G+ ummer = Z| x F|. Here, 7L\ x F| c G7(F 4 ) x F| = Aff (I) 
is equipped with the standard semidirect product. 

For X = fC(A), where A is generated by A l = R t Z 2 ,Ri £ R,i = 1,2, the 
group of algebraic automorphisms fixing the orbifold singular metric generically 

^ Gammer = ^ * F|. 

Proof: 

To demonstrate Z| k F| C ummer we wm show that certain algebraic auto- 
morphisms on the underlying torus T — R 4 /yl can be pushed to X and generate 
an additional group of automorphisms Jj\ C G7(F 4 ) on 77. Namely, in terms of 
standard coordinates (x%, . . . , £4) on T, we are looking for automorphisms which 
leave the forms 

dx\ A dx 3 + d,X4 A dx 2 , dx\ A dx 4 + dx2 A dx 3 , dx\ A dx2 + dx 3 A dx4 (2.12) 
invariant. This is true for 

ri2 : (x 1 ,X2,x 3 ,x i ) h-> {-x 2 , x\, X4,, -x 3 ), 
r i3 : (x 1 ,x 2 ,x 3 ,x i ) h-> (-£3, -Xa,Xi,x 2 ), (2-13) 
ri4 = 7*12 "13 : (xi,x 2 ,ar3,a;4) i-> {x 4 ,~x 3 ,x 2 ,-xi). 

The induced action on 77 is described by permutations Aki £ Aff (7) of the Ff- 
coordinates, namely ri2 = Ai 2 = (12)(34), 7-13 = Ai 3 = (13)(24). To visualize 
this action we introduce the following helpful pictures first used by H. Inose 
: The vertical line labelled by j £ F| symbolizes the image of the twocycle 



LIS. 



00 1 



01 

AT^lO 

11 



1 10 01 



■00 



00 1 



/ 7 y~ / 

*■ * > * 




1 10 01 



Fig. 2.1. Action of the algebraic automorphisms ri2 (left) and ri3 (right) on 77. 



{x £ T I (xi,x 2 ) — ij} in X, and analogously for the horizontal line labelled 
by j' £ F| we have {x £ T \ (x 3 ,x 4 ) = ^j'}- Then the diagonal lines from 
cycle j to cycle j' symbolize the exceptional divisor obtained from blowing up 
the fixed point labelled (j,f) £ 7. Fat diagonal lines mark those exceptional 
divisors which are fixed by the respective automorphism. 
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One may now easily check that the automorphisms fl2.13|) , viewed as automor- 
phisms on H 2 (X, C) , satisfy the criteria of theorem |1.1| and thus indeed are 
induced by algebraic automorphisms of X. 

To see that Q\ ummer does not contain any further elements, by lemma |2.5| it will 
suffice to show that no other element of AutiJJ) can be continued to tP(X, Z) 
consistently such that it satisfies the criteria of theorem [O]. Because all the 
translations of I are already contained in Q\ ummer we can restrict our investiga- 
tion to those elements A S GL(F|) C Aff (I) which can be contin ued to H 2 (X, Z) 
preserving the symplectic forms on F2 that correspond to ( 2.12 ). After some cal- 
culati on one finds that A must commute with all the transformations listed in 
( [031 ). This 

means that A acts on I by A' kl (i) — A^i{i) + 1, 1, 
it € F2. But if any such A' u , € £/£„.„,„,.,„, then also A' 
A'(i) = i + 



g + 



Kum m er ' 



i),N = 

where 



But if any such A' kl € Q 

i|(l, 1, 1, 1 ). A' leaves inva riant a sublattice of 77 of rank 12. But 
then, because of ( 1.22 ) and from ( 1.21 ) A' cannot be induced by an algebraic 
automorphism fixing the orbifold singular metric of X . 

The result for Q Kummer follows from the above proof. Namely, if {x\,X2) are 
standard coordinates on A\ ® M and (£3, X4) on A2 <8> K, then among the auto- 
morphisms (2.13) only r\2 is generically defined on A. □ 



2.4- Z4 Orbifolds in the moduli space. This subsection is devoted to the study 
of Z4 orbifolds in the moduli space A4 K3 . We first turn to some features of the 
Z4 orbifold construction on the conformal field theory side which need further 
discussion. From wh at w as said at the beginning of the section, in terms of 
complex coordinates (2J) on T — M 4 / A the Z4 action on the nonlinear a model 

is g: 



(2) 

, = RV4 )■ From (2.5) we readily read off that 
>u(l) subalgebra of the holomorphic W-algebra 
4 sy mmetry on the entire space of states of the 



iven by {ip±\ ip± ') 1— » (±i^£^ 
there always is a surviving su(2)i(£ 
generated by J, J* , A. To have a Z 
torus theory, the charge lattice (1.11) must obey this symmetry. So in addition 
to picking a Z4 symmetric torus, i.e. a lattice A generated by Ai = Ril?,Ri £ 
R, i = 1,2, we must have an appropriate B-field Bt in the nonlinear a model 
on T which preserves this symmetry. In terms of cohomology we need Bt G 
77 2 (T,R) Z4 = span R A A*2,M3 A ^4, Mi A /13 + /14 A M2,Mi A /14 + M2 A /i 3 ). As 



in section 2.1 
of A and St 



(fii, . . . , fj,i) denotes a basis dual to (Ai, . . . , A4), Ai being generators 
C 77 2 (T, R) is regarded as giving the position of H 2 (T,Z) relative 
to a fixed three-plane span R (ei A e-i + 63 A 64, e\ A e% + €4 A e\ A €4 + e-i A 63). 
To det ermine th e partition function, a lengthy but straightforward calculation 
using ]E-0-T-Y|, (5.2)-(5.5)] shows 



Zns(t, z) 



\Za,b t {t) + \ 



+ 



3 "4 



#3^4 


4 


$2$3 


4 


$2$4 


') 






2 


+ h 


2 
Tf 


+ h 


r, 2 






■} 



04 (*) 



+ 



2"3 



$?$4 



(2.14) 
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where for Za,b t (t ) on e has to insert t he e xpression for the specific toru s T 
as obtained from ( 1.12| ). Comparing to ( |2.3[ ) the partition function (2.14) co- 
incides with that of the Z2 orbifold o f a t heory whose NS-partition function 
is the expression in curly brackets in ( [2.14 ). Indeed, the partition function of 
SU(2)f/Z 4 , i.e. of the Z 4 orbif old of T = K 4 /Z 4 with B T = 0, agrees with 
that of the Z 2 orbifold £(D 4 , 0) JE-O-T-Yj . In section |2.l| we showed that every 
Z2 orbifold conformal field theory has an su(2)1 subalgebra of the holomorphic 
W-algebra. On the other hand, as demonstrated above, the Z4 orbifold gener- 
ically only possesses an s«(2)i © u(l) current algebra. For SU(2)^ /Z4 this is 
enhanced to su(2)i © u(l) 3 which still does not agree with the one for Kummer 
surfaces. Hence although the theories have the same partition function, they are 
not isomorphic. 

Similarly, the partition function of the Z4 orbifold of the torus mode l with 50(8)i 
symmetry agrees with that of /C(Z 4 ,0) as can be seen from (|3.7p . In this case 
the theories indeed are the same as will be shown in theorem |3.9| . 
To have a better understanding of their location within the moduli space and 
their geometric properties we now construct Z4 orbifolds by applying another 
orbifold procedure to theories with enhanced symmetries which have already 
been located in moduli space. 

Theorem 2.8 

Let A denote a lattice generated by Ai = R{E? , 7?j £ R, i = 1,2. Consider the 
K3 surface X obtained from the Kummer surface JC(A) by modding out the 
algebraic automorphism ryi & G Kummer > blowing up the singularities and using 
the induced orbifold singular metric. Then X is the Z4 orbifold ofT = M 4 / A. 

Proof: 



By construction (2.13), r\2 is induced by the automorphism (x\, X2, £3, %i) 1— > 
(—X2,xi,X4,—Xa) with res pect to standard coordinates on T. In terms of com- 
plex coordinates as in (2.1) this is just the action p : (z%, Z2) 1— ► {iz\, —122), and 

because 1C{A) = T/p 2 , the assertion is clear. □ 
Remark: 

Study figure |]l] to see how the structure A\ © A\ of the exceptional divisors in 
the Z4 orbifold comes about: Twelve of the fixed points in K.{A) are identified 
pairwise to yield six Z2 fixed points in the Z4 orbifold, that is A\. The four points 
labelled i £ {(0,0, 0,0), (1,1, 0,0), (0, 0, 1, 1), (1, 1, 1, 1)} are true Z 4 fixed points. 
The induced action of ri2 on the corresponding exceptional divisor CP 1 = S 2 is 
just a 180° rotation about the north-south axis, and north and south poles are 
fixed points. Blow up the resulting singularities in IC(A)/ri2 to see how an A3 
arises from the A\ over each true Z4 fixed point. 

For a Z4 orbifold X there is an analog mi of the Kummer lattice 77 described 



in theorem 2.1, the primitive sublattice of Pic(X) containing all the twoforms 
which correspond to exceptional divisors by Poincare duality. We will give an 
analogous description of HIT as for 7J in lemma 2.9 below. The embedding of 
the moduli space of Z4 orbifolds in Ai K3 then works anal ogou sly to that of Z 



2 



orbifold conformal field theories as described in subsection 2.1 



Let us fix some notations. Let n : T — > X denote the rational map of degree 
four. Then K := 7r*77 2 (T, Z) Z4 = span z (2/xi A /i 2 , 2/i 3 A pi A p 3 + p, 4 A p 2 , 
p,\ A jii + fi2 A (13). For the twoforms corresponding to the exceptional divisors 
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of the Z4 orbifold we adopt the labelling of fixed points by I = F| as used in 
the Z2 orbifold case. Here, we have six Z2 fixed points labelled by i G := 
{(ji;j2, 1,0), (1,0, js, ji) I jk G F 2 }. The four true Z4 fixed points are labelled 
by i G 1^ := \ i,j G F2}. The corresponding twoforms are denoted 

by Ei for i G I^ 2 \ and for each Z4 fixed point i G l' 4 -* we have three exceptional 
divisors Poincare dual to E { t ±] , e\ 0) such that {e\ ±] , Ef ] ) = 1, {e\ + \e[~ ] ) = 0. 
For ease of notation we also use the combination Ei := 3E^ + 2E l f > + E\ ' if 

ie/W. 



As a first step we determine the analogs of (2.5) and ( p.q) in order to describe 
the primitive embedding K _L 10 iJ 2 (X, Z) . By ( |2.5| ) images n G -ftT * of 
forms corresponding to torus cycles do not necessarily correspond to cycles in 
H2(X,Z). Namely, the Poincare dual of a representative k of k G K*/K built 
from combinations of l/Xj A/i^ can be interpreted as the it* image of a torus cycle 
which contains Z4 fixed points. It is not a cycle on X, since it has boundaries 
where the exceptional divisors were glued in instead of the fixed points by the 
blow up procedure. Since the discriminant forms of K* /K and ITTI / ITTT agree 
up to a sign, there is a representative r\ of 77 G mi * / ITII in the image of 7c 
whose Poincare dual has the same boundary as k but orientation reversed. We 
can glue a part r\ of a rational sphere into the boundary of n to obtain a cycle 
K + r) G H 2 (X, Z), where up to a sign k has the same intersection number as r\ 
with every exceptional divisor. 



We again adopt the notation Pj^ = span F2 (fj, f^) used in subsection 2.1. Re- 
member to count Z2 fixed points only once, e.g. P12 = {(0, 0, 0, 0), (1, 0, 0, 0), 
(1,1,0,0)}. Wc then have 

Lemma 2.9 

The lattice generated by the set M which consists of 

A fi2 — |£'(o,i,o,o)+e(o,o,i,i) — I ^ ^+£(0,0,1,1); £ <= {0, 1}; 

2"M3 A ^4 + |£(0,0,0,l)+e(l, 1,0,0) + \ 2-s £j+e(l, 1,0,0) ; £ "= {0, 1}; 

ieP34n/< 4 ) 

| (A*i A a*3 + M4 A Ma) - | ' J e ^ ; 

| (^i A m + ii 2 A /i 3 ) - | ^ , j G 7 (4) ; 

and by £ := {E^' ,i G I^;Ei,i G I' 2 )} is isomorphic to J 13,19 . In partic- 
ular, IHT is generated by £ and 

\ (£(0,0,0,0) + £(1, 1,1,1) — £(0,0,1,1) — ^"(1,1,0,0)) + 2" (^(0,1,0,1) + £(0,1,1,0)) , 
2" (£(0,0,0,0) + £(0,0,1,1) + £(0,1,0,0) + £(0,1,1,1) + £(0,1,0,1) + £(0,1,1,0)) ! 
\ (£(1,1,0,0) + £(0,0,1,1) + £(0,0,0,1) + £(0,1,0,0) + £(1,1,0,1) + £(0,1,1,1)) ■ 

This gives a natural embedding K _L HIT H 2 (X,Z), and (# 2 (T,Z)) Z4 
^ H 2 (X,Z) = r 3 - 19 . Given a Kahler-Einstein metric in T 3 ' 3 defined by S T C 
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H 2 {T,] 
H 2 {T,] 



its image S under the Z4 orbifold procedure is read off from St C 
' (H 2 (T, Z)) z * <g> M ^ i? 2 (A, Z) <g> K = i? 2 (A, R). 



In order to prove lemma [2.9] one has to show that the lattice under inspec- 
tion has signature (3, 19) and is self dual. We o mit t he tedious calculation. The 
construction will be described in more detail in |We|. 

To give the location in A4 K3 of the image of T(A, Bt) under the Z4 orbifold we 
have to lift the above picture to the quantum l evel . As before, H even (T, Z) = r 4 ' 4 
is generated by fij A Hk and v, v° defined in (1.5). As in ( p/Tj ) we extend the set 

MU {v,v°} by 



M of lemma 2.9] to M 

v := 2v 



2 u 



4 / j 



E, 



5 E ( 

ie/< 4 ) 



3K 



(+) 



4E, 



(0) 



Defining 



for i G I (4) : £ 4 (±) := -\v -\ 
for i G I {2) : ^ := -u + E t 



E 



(±) 



(0) 



E 



3K 



(0) 



(-) 



2v. 



(2.15) 



one now checks in exactly the same fashion as in lemma 2.2 



Lemma 2.10 

The lattice generated by M and {n G span z (H, 
Vm £ M : (tt, to) G Z} is isomorphic to r 4 ' 20 



(±) f.ieJW^^Jl 2 )) I 



The embedding H even (T,Z) 1 " 1 <-+ H even (X,Z) that is now established actually 
is the unique one up to lattice automorphisms (see [We], where also the other 
Zjk orbifold conformal field theories, M G {3,6}, will be treated). Now use 



(4) 



B 



to find 



hence 



E ^ 

ie/< 2 > 



IE 

*e/< 4 > 



3£, 



(+) 



4£ 



(o) 



3E, 



(-) 



GF CTen (I,Z) (2.16) 



B 7 



2 (a, - {(J u B T )v) = 2a, - (2a,, \B T 

\\B 



V - 



Vt 
4 



hE>T 



B 



(4) 



Theorem 2.11 

Let (St,Vt, Bt) deno te a geometric interpretation of the nonlinear a model 
T(A, Bt) as given by ( LJA ). Assume that A is generated by At = Ril 2 , Ri G 
R.i = 1,2, and B T G H 2 (T,Z) Z4 such that a Z 4 action is well defined on 
T(A, Bt)- Then the image x G 7~ 4,20 under the Z4 orbifold procedure has geo- 
metric interpretation (S, V, B) where £ € T 3 ' 19 is found as described in lemma 



2&V =Y^ an d B 



\B T + \B^\B^ G H even (X,Z) as in (pj^) 



In particular, the moduli space of superconformal held theories admitting an 
intcrpetation as Z4 orbifold is a quaternionic submanifold of A4 K3 . Moreover, 
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en (X, Z) does not contain vectors of length squared —2. 
Note that from ( |2.1(; ) it is easy to read off the flow of the B-field obtained from 



the orbifold procedure through an A3 divisor over one of the true Z4 fixed points 
of X: On integration over any of the divisors that correspond to a Z m fixed point, 
we get B-field flux ^ . This is also true fo r the other Z m orbifold conformal field 
theories and confirms earlier results [ Dc], B-I | obtained in the context of brane 
physics. 



Theorem 2.11 proves that Z4 orbifold conformal field theories do not correspond 
to string compactifications of the type IIA string on K2> with enhanced gauge 
symmetry. Concerning the algebraic automorphism group of Z4 orbifolds we can 
prove 

Theorem 2.12 

Let X denote the Z 4 orbifold of T = R 4 /A Then the group Q of algebraic 
automorphisms fixing the orbifold singular metric of X consists of all the residual 
symmetries induced by algebraic automorphisms of K{A) which commute with 
r\2- Thus, generically Q = ¥?, is generated by the induced actions of inoo and 
toon - If A r~j Z 4 , Q = D4 is generated by the induced actions of fnoo and 7*13. 
If we want invariance of the conformal field th eory u nder the entire group Q = D4 
of algebraic automorphisms found in theorem 2.12] we must restrict Bt to values 



such that B T € H 2 (T,R) £i n H 2 (X,R) Vi = £ where we regard H 2 (T. 



H"(X, R) as described in lemma 2.E . If Bt is viewed as element of Skew(A) acting 



on R this condition is equivalent to Bt commuting with the automorphisms 



listed in (2.13) 



2.5. Application: Fermat's description for SU(2)f /Z4. 
Theorem 2.13 

The Z4 orbifold of T(Z 4 ,0) admits a geometric interpretation on the Fermat 
quartic 

3 

Q = {(x ,x 1 ,x 2 ,x 3 ) E CP 3 |J> 4 = 0} (2.17) 

in CP 3 with volume Vq = \ and B-Beld B Q = -|o^ S) up to a shift in H 2 {X, Z), 

where cr[ denotes the Kahler class of Q. 

Proof: 

Let ei, . . . , e4 denote the standard basis of Z . Then /ii = e^, and by theorem 2.11 
with ||B^ 4 '|| 2 = —32 the Z4 orbifold of T(Z 4 ,0) is described by the four-plane 
x 6 7~ 4 ' 20 spanned by 

£1 = ii\ A [i3 + M4 A 6 = Ml A M4 + M2 A /i 3 , 

£ 3 = 2(^i A /i2 + Ms A fi 4 ), £4 = 4u° + B^ } + 5v. 

To read off a different geometric interpretation, we define 

V Q '■= \ (Ml A + ^4 A [12 - [1\ A ^4 - M2 A /U 3 ) 
+ 5 fS(0,l,l,0) - £7(1,0,1,0)) ! 

Wg := ^1 A ^3 + fii A ^2 + Mi A /i2 

+ 2" (-^(0,0,0,1) + ^(1,1,0,1) — ^(0, 1,1,0) — -^(1,0,1,0)) • 



(2.18) 
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One checks v Ql v° Q e H even {X,Z) as given in lemma (Hoi ||u Q || 2 = \\v° Q \\ 2 = 



and (vq, Vq) = 1 to show that vq,Vq is an admissible choice for nullvectors in 



(1.5). For the corresponding geometric interpretation (Sq, Vq, Bq) we find that 



Sq is spanned by 

JO) - 



Ml A M3 + M4 A fl2 + Ml A M4 + M2 A M3 — 2vc 

2(mi A /i 2 + M3 A /i 4 ) - 2wq, 



af) = 4w° + Bf + 50. 

As complex structure Qq C 27q we pick the two-plane spanned by and 

03 . Note that this plane is generated by lattice vectors, so the Picard num- 
ber p(X) := rk Pic(X) — rk(J?- L n H 2 (X, Z)) of the corresponding geometric 
interpretation X is 20, the maximal possible value. K3 surfaces with Picard 
number 20 are called singular and are classified by the quadratic form on their 
transcendental lattice Pic(X) 1 - nH 2 (X, Z). In other words there is a one to one 
correspondence between singular K3 surfaces and even quadratic positive defi- 
nite forms modulo SX(2,Z) equivalence [ ^h| p[ Because , are primitive 
lattice vectors, one now easily checks that X equipped with the complex struc- 
ture given by J?q has quadratic form diag(8, 8) on the transcendental lattice. By 
@ this means that our variety indeed is the Fer mat quartic (|2.17|) in CP 3 . 



Volume and B-field can now be read off using (1.5) and noting that in our 
geometric interpretation 

Mi Afi 3 + /i4 A//2 - Mi AM4 - M2 AM3 = d S) ~ v° Q + B Q + (v Q - \ ||-B Q || 2 J v Q- 

□ 



3. Special points in moduli space: Gepner and Gepner type models 

Finally we discuss the probably best understood models of s uperconfo rmal field 



theories associated to K3 surfaces, namely Gepner models [Gcl,Gc2|. The lat- 
ter are rational conformal field theories and thus exactly solvable. For a short 
account on the Gepner construction and its most important features in the con- 
text of our investigations see appendix [A|. In this section, we explicitly locate 
the Gepner model (2) 4 and some of its orbifolds within the moduli space A4 K3 . 
This is achieved by giving a model descriptions of these models in terms of Z2 
and Z 4 orbifolds which we know how to locate in moduli space by the results of 
section 0. 



3.1. Discrete symmetries of Gepner models and algebraic automorphisms of KZ 
surfaces. As argued before, a basic tool to characterize a given conformal field 
theory is the study of its discrete symmetry group. We will first discuss the 
abelian group given by phase symmetries of a Gepner model Ilj=i(%) with 

2 We thank Noriko Yui and Yasuhiro Goto for drawing our attention to the relevant liter- 
ature concerning singular K3 surfaces. 
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central charge c = 6 and r even [Gel]. Recall that this theory is obtained from 
the fermionic tensor product of the N — 2 superconformal minimal models 
(kj), j = 1, . . . , r, by modding out a cyclic group Z = Z n , n — 1cm {2; ki + 2, i = 
1, . . . , r}. The model therefore inherits a Zt.+a symmetry from the parafermionic 
subtheories of each minimal model factor (kj) whose generator in the bosonic 
sector acts by 

rrij ,Sj;rrij ,Sj mj,Sj;mj,Sj \ 1 

on the jth factor. The resulting abelian symmetry group of n^=i(^j) ^ s ^ 2 x 
Q ab , where Z 2 denotes charge conjugation and Gab = (YTj=i z fcj+2)/Z m , m = 
lcm {ki + 2, i = 1, . . . , r}. Here, Z TO acts by 

r r 

Y[ — ► II Z fej+2 , [oi, ...,<z r ] i — ► [oi + 1, ...,a r + 1] 

3=1 3=1 

(see also [G-PQ. Note that only elements of the subgroup 



=1 3 



commute wi th sp acetime supersymmetry, elements of Gab — G^jf describe R- 



symmetries [Gel] 

Assume we can locate our Gepner model within A4 K3 , that is we explicitly know 
the corresponding four-plane x C H even (X, R) as described in section [j} Fur- 
thermore assume that by picking a primitive nullvector v € fj even (x, Z) we have 
chosen a specific geometric interpretation (S,V, B). By construction, a Gepner 
model comes with a specific choice of the TV = (2, 2) subalgebra corresponding to 
a specific twoplane fl C S. We stress that this is true for any geometric interpre- 
tation of rijC^j) 1 The choice of the N — (2, 2) subalgebra does not fix a complex 
structure a priori, it fixes a choice of complex structure in every geometric inter- 
pretation of our model, as was explained in section [l]. Still, we now assume our 
K3 surface X to be equipped with complex structure and Kahler metric. By our 



discussion in section 1.2 we know that any symmetry of the Gepner model which 
leaves the su(2)i Usy © su(2) s r usy currents J, J , J, J and the vector v invariant 
may act as an algebraic automorphism on X. Because J ± = 2 0) an d 



J = (^o.O;=f2.2) r ( see appendix we conclude from ( |3.2| ) that elements of 
G^b 9 can ac t as algebraic automorphisms on X fixing the B-field B E H 2 (X,M.), 



and vice versa. More explicitly by what was said in section 1.2, the action of such 



a Gepner-symmetry on the (5, 5) -fields with charges, say, Q = Q = 1 should 

ed ac 

H 1 ' 1 (X, M). With reference to its possible geometric interpretation we call G"^ 9 



'i i N 

be identified with the induced action of an algebraic automorphism of X on 

alg 
ib 

the abelian algebraic symmetry group oi the Gepner model. 
In the following subsections we will investigate where in the moduli space of 
superconformal field theories associated to K3 surfaces to locate the Gepner 
model (2) 4 and some of its orbifolds by elements of G°f 9 — (Z4) 2 . From the 
above discussion it is clear that given a definite geometric interpretation for (2) 4 
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the geometric interpretation of its orbifold models is obtained by modding out 
the corresponding algebraic automorphisms. 

Apart from symmetries in Z2 x Gab our Gepner model will possess permutation 
symmetries involving identi cal fact or theories. Their discussion is a bit more 
subtle, because as noted in [F-K-S| permuting fcrmionic fields will involve ad- 
ditional signs ( |A.9p . This in particular applies to J ± = (^2 2 0)^ > meaning 
that odd permutations can only act algebraically when accompanied by a phase 
symmetry 

r 

a, 



r] £ Gab ■ 



1 3 



£ Z- 



(3.3) 



We will discuss this phenomenon in detail for the example of prime interest to 



us, namely the Gepner model (2) 



Here g$> = 



symmetry group is generally believed to be G al9 — (Z4) 2 X £4 [Asl 



and the entire algebraic 
More- 



over, based on Landau- Gin zburg computations and comparison of symmetries 



lG-V-W| , |G^PHF-K-S-S| , |Asl| it is generally believed that ( 2 ) 4 ha s a geometric in- 
terpretation (Sq,Vq, Bq) given by the Fermat quartic ( [2.17| ) in CP 3 . Indeed, 



Q is a K2> surface with algebraic automorphism group (Z4) 2 X 1S4 [Mu|, and 



arguments in favour of the viewpoint that it yields a geometric interp reta tion of 
(2) 4 will arise from the following discussion. It is proved in corollary 3.6. 
To give the action of the two generators [1, 3, 0, 0] and [1,0, 3, 0] of G^ b 9 — (Z4) 2 
on the (^, h) -fields with charges Q = Q = 1 we use the shorthand notation 



X 

Y(n 1 ,n 2 ,n 3 ,n 4 ) 
(rii £ N) and find 



: = (*l,0i-3,2) 
: ~ ^nj,0:ni,0 



®4 



1 ^™J,0;n4,0 



(3.4) 



[1,3,0,0]^ 
1 [1,0,3,0] 


1 


-1 


i 


— i 


1 


Y(l, 1,1,1), X 


3^(0,2,0,2), 
Y(2, 0,2,0) 


ni.0,1,2) 


ni.2,1,0) 


-1 


Y(2,2,0,0), 
F(0, 0,2, 2) 


Y(2, 0,0,2), 
^(0, 2, 2,0) 


r(2, 1,0,1) 


no, 1,2,1) 


i 


Y(l, 1,0,2) 


Y(2, 0,1,1) 


Y(2, 1,1,0) 


ni,2,o,i) 


—i 


Y(l, 1,2,0) 


no, 2, 1,1) 


n 1 , 0,2,1) 


no, 1,1, 2) 



(3.5) 



Note first that by (1.20) we have /x(Z4 x Z4) = 6, in accordance with (1.21) and 
2 = 6 — 4 invariant fields in the above table. One moreover easily checks that the 
spe ctrum of every element g £ Q®. 9 of order four agrees with the one computed 



in ( 1.23| ) for algebraic automorphisms of order four on K3 surfaces. This is a 
strong and highly non-trivial evidence for the fact that one possible geometric 
interpretation of (2) 4 is given by a K3 surface whose algebraic automorphism 
group contains (Z4) 2 . 
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As stated above, further discussion is due concerning t he a ction of £4 because 
transpositions of fermionic modes introduce sign flips ( |A.9| ). In particular, odd 
elements of £4 do not leave ^ invariant. To have an algebraic action of the 
entire group 1S4 we must therefore accompany a S £4 by a pha se s ymmetry 
o-a = [oi\{<j), a,2(o~), £13(0"), <24(<t)] 6 Q a }y which for odd a satisfies ( |3.3[ ). Thus a 
transposition (a, iS) € S4 must be represented by p((a,uj)) = (a, HI) o ar a ^) = 
a (a.u) in order to have p({a,uj)) 2 = 1. With any such choice of p on 

generators (otj , u)j) of £4 one may then check explicitly that p defines an algebraic 
action of 1S4, i.e. its spectrum on the (5, ^) -fields coincides with the spectrum 
of the algebraic automorphism group S4. Namely, any element of order two (or 
three, four) in S4 leaves p(1>2) — 4 = 12 (or — 4 = 8, /u(Z 4 ) — 4 = 6) states 

invariant, and elem ents of order four have the spectrum given in (1.23). Note in 
particular that by ( |3.3| ) with any consistent choice of a 1— > a a the group 1S4 acts 
by a h-> sign(tr) on Y(l, 1, 1, 1) and trivially on X . This leaves X = (<£} . 3 2 )® 4 
as the unique invariant state upon the action of (Z4) 2 x S4 in accordance with 
/x((Z 4 ) 2 x 5 4 ) = 5 and ( |L2l| ). 

Summarizing, we have shown that the action of the entire algebraic symmetry 
group Q alg — (Z 4 ) 2 xi £4 of (2) 4 as described above exhibits a spectrum consis- 
tent with its interpretation as group of algebraic automorphisms of a K3 surface, 
e.g. the Fermat quartic with geometric interpretation (Sq, Vq, Bq). Remember 
that p (G al9 ) = 5 is the minimal possible value of p by the discussion in sec- 
tion [T^. Thus by what was said in section^ the only four invariant (^, |)-fields 

(^±1 o-±3 2)® 4 ) (^±1 o-±i o)® 4 are those corresponding to moduli of volume de- 
formation and of B-field deformation in direction of Sq . 



3.2. Ideas of proof: An example with c — 3. In this subsection we give a survey 
on the steps of proof we will perform to show equivalences between Gepner or 
Gepner type models and nonlinear a models. As an illustration we then prove the 
well known fact that Gepner's model (2) 2 admits a nonlinear a model description 
on the torus associated to the Z 2 lattice. 

Given two N — 2 superconformal field theories C 1 ,C 2 with central charge c = 
3d/2 (d — 2 or d — 4) and spaces of states Ti}, Tt 2 , to prove their equivalence we 
show the following: 

Th e pa rtition functions of the two theories agree sector by sector in the sense 



of (gj) 



The fields of dimensions (h, h) = (1,0) in the two theories generate the same 
algebra A = Af®Ab, where Af — u(l) for d = 2, Af = su(2) 2 for d = 4, and 
u(l) d C Ab- In particular, u(l) c C A. Af contains the J7(l)-current = J 
of the N = 2 superconformal algebra, and a second [/(l)-generator if 
d = 4. Furthermore, the fields of dimensions (h, h) = (0, 1) in both theories 
generate algebras isomorphic to A as well, such that each of the left moving 
[/(l)-currents j has a right moving partner j. 
For % = 1 , 2 define 
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and denote the U (l)-currents in u(l) d C Ab by j 1 , . . . , j d . We normalize them 
to 

>WH~(^- (3-6) 

Let j d+k ~ J( fc ),fc G {1, §} denote the remaining [/(l)-currents when nor- 
malized to (|3.6|), too, and set J := (j 1 , . . . ,j d ;j 1 , ■ ■ . ,3 d ). The charge lattices 

Zt:= {7GR d ' rf |3^)GW^^)=7b)} 

of WjJ and Tij with respect to J' are isomorphic to the same self dual lattice 
A C R d;d ; because the states in HI are pairwise local, in order to prove this 
it suffices to show agreement of the j7"-action on a set of states whose charge 
vectors generate a self dual lattice IV 

Theorem 3.1 

If i.-iii. are true then theories C 1 andC 2 are isomorphic (the converse generically 
is wrong, of course). 

Proof: 

Using i.-iii. we first show Hi = H 2 =: Hb- Denote by V l [y) the primary field 
corresponding to a state in H\ with charge 7 = (7z;7 r ) G IV Notice that in 
both theories every charge 7 G A must appear with multiplicity one, because 
otherwise by fusing [Vj? [7]] x [Vjj[— 7]] = we find two states 1\, V 2 G H\ with 
vanishing charges under a total u(l) c C A in contradiction to uniqueness of the 
vacuum. Now for any a = (ai;a r ),/3= (/?;; (3 r ) G If, we have 

V l [a]{z) V l [l3]{w) ~ cljz - w) aiPl (z-w) a ^ V*[a + f3}(w) + ■ ■ ■ , 

so it remains to be shown that we can arrange c\ a = c 2 a a for all a, (3 G 1), 
by normalizing the primary fields appropriately. In other words, we must find 
constants d 7 G R for any 7 G I& such that V a, /? G If, : c^, o = dadpe^ p. This is 
possible, because having fixed d a ,d/3,d 7 ,ds G R such that 

c a,/3 = d a d[3C l a pi c 2 ai = c? Q d 7 c^ 7 , c^ j(5 = d a d$c l a& , Cg j7 = dpd^Cp ^ 

for four nonzero twopoint functions g, , a , d 5 , by the crossing symme- 
tries 

/-il /-i2 „2 -jl ~1 ~2 ,,2 

L Q,/3 L 7,* _ <*,P '■ 1,S an( j L a,7 C /3,5 _ c o,7 C /3,(5 

/^l /-i2 ,-i2 -jl ,,1 ~2 -j2 

c a,7 c 73,<5 L a,7 /3,<5 L a, < 5 t 73,7 c a,S c 0,j 

etc. we automatically have c 7 5 = d^dgc^ s and s = dpdsc 1 ^ s . If more than two 
of the six twopoint functions vanish, then by similar arguments the normalization 
of one of the primaries is independent of the three others and a consistent choice 
of d a ,d@,dy,ds G R is therefore possible, too. The proof of Hi = H 2 = Hb is 
now complete. 

Because I), is self dual, for any state \ip) G H l carrying charge 7 with respect to 
J we have 7 G I& and thus find vertex operators ^[±7] G H\. By ii. and hi. 
T := 5 X)fe=iO fe ) 2 ac * s as Virasoro field T* on each of the theories (check that 
T — T l has dimensions h = h = with respect to T l ). Thus the restriction of the 
Virasoro field T l to H\ is given by T b J := ^ Sfc=i(j fc ) 2 j ana ^ ^y picking suitable 
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combinations P of descendants j_ 
we find \ip) := P V 1 [— 7] | if) such that 

\<p) = \il>)®V i Yi]P\Q) h and 

This shows W = H 
Af — u(l) (for d = 4) or s\f 



and P of ascendants j„, n > 0, fc G {1, . . . , g?}, 
{ |x) G I T b l | X ) - 0} . 



e n 



f 



1., w 7ib for i — 1,2. Hj, and Ti. 2 are representations of 
= 2) or .4/ = su(2) 2 (for d — 4) which are completely 
determined by charge and dimension of the lowest weight states. Because by ii. 
Af contains the [/(l)-current J of the total N — 2 superconformal algebra, the 



n 



r 



Tib 
□ 



partition functions of our theories agree by i., and we already know 7i 
for i = 1,2, we may conclude Hj = H 2 
Let's see how the procedure described above works: 
Theorem 3.2 

Gepner's model C 1 = (2) 2 has a nonlinear a model description C 2 on the two 
dimensional torus Tgu^) 3 with SU(2) 2 lattice A = 1? and B-held B = 0. 

Proof: 

If we can prove i.-iii. in the above list, by theorem 3T we are done, 
i. Using (A.1C) for computing the partition function of (2) 2 on one hand and 



( 1.12 ) for the partition function of the a model on T su ^2)^ 
the other, we find 



2 with B = on 



Zns{t,z) = i 



for both theories, 
ii. The nonlinear a model on T, 



which we normalize to 



has two rightmoving abelian currents j\ , ji 



j a (z) j (w) 



2<W 



(z — w) 2 

Their superpartners are free Majorana fermions ipi > ^2 with coupled boundary 
conditions. By ei,e2 we denote the generators of the lattice A = A* = 1? 
which defines our torus. Then the (l,0)-fields in the nonlinear a model are 
given by the three abelian currents J = i^ipi (the U(l) current of the N = 
2 superconformal algebra), Q = ji + j2,R = ji — 32, and the four vertex 
operators V± eu ± ei ,i — 1, 2. 

In the Gepner model (2) 2 we have an abelian current j,j' from each minimal 
model factor along with Majorana fermions ip,if>', where by (A. 8) tpip' = 
^4,2;0,o®^4,2;0,o- The U (1) current of the total N = 2 superconformal algebra 
is J = j + j', and comparing J, Q, i?-charges we can make the following 
identifications: 







= J = 3 - 




+ h 


= Q 


= j 


-j', ji 






= ^2,0;0,0 § 


5 ®2,2-fl,0 




2,0:0,0 ( 


E)<P°_ 


2,2;0,0i 






= ^2,0;0,0 ^ 


5 ^2,2;0,0 




2,0;0,0 ( 




2,2;0,0; 


V- 


-ei ,-ei 


= ^2,2;0,0 6 


5 ^2,0:0,0 


+ <p°_ 


2,2:0,0 ( 


E)<P°_ 


2,0;0,0' 


v. 


-e 2 , — e 2 


= ^2,2;0,0 ^ 


5 ^2,0;0,0 




2,2;0,0 ( 




2,0;0,0- 



32 



R 
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Thus the (1, 0)-fields in the two theories generate the same algebra A = 
u(l) su(2) 2 = A/ © Ab- Obviously, the same structure arises on the right 
handed sides. 

iii. The space Hi for the a model is just the bosonic part of the theory. The charge 
lattice It with respect to the currents J := (Q,R;Q,R) = (ji + j2,ji — 
J2;ji + J2jJi — h) thus contains the charges M :— {^(e;±e),e S {±1} 2 }, 
carried by vertex operators V± ei .o, Vo t ± ei ,i = 1,2. M generates the self dual 

lattice {i(a + 6; a - b) \ a, b e Z 2 , Efe=i a fe = ELi = ( 2 )} = r b- 

To complete the proof of iii. we observe that in the Gepner model the fields 

#n,0;n,0 ® ^-n,0;-n,0 ± ^-3n,2 ;n ,0 ® #L,2;-n,0 and <, 0; -n,0 ® ^3n,2;n,0 
±^-3„,2;-n,0 ® #1„. ,0;n,0) n € {illj are uncharged with respect to J and 

carry J = (j — f, iipip 1 ; J — iip ip' )-chaxges, M = {^(e; ±e), e £ {±1} 2 } gen- 
erating /fc. 

□ 



5.5. Gepner type description of SU(2)f /Z,2- 
Theorem 3.3 

Let C 1 = (2) 4 denote the Gepner type model which is obtained as orbifold of 
(2) 4 by the group Z 2 = ([2, 2, 0, 0]) C Q^ b 9 ■ Then C 1 admits a nonlinear a model 
description C 2 = /C(Z 4 , 0) on the Kummer surface IC(A) associated to the torus 
Tg E/ ( 2 ) 1 4 with SU(2)i lattice A = Z 4 and vanishing B-hcld. 

Proof: 



We prove conditions i.-iii. of section 3.2 and then use theorem 3.1 



i. From (1.12) one finds 



Za=^,b t =o( t ) 



u 


Hi 


4 

+ 


Hi 


4 

+ 




■)] 




V 




V 









-i 2 



(3.7) 



alg to the 



Applying the orbif old pr ocedure for the Z2-action of [2, 2, , 0] € Q a ah 
partition function ( A. 10 ) of the Gepner model (2) 4 | F-K-S-S{| one checks that 
C 1 and C 2 have the same partition function obtained by inserting ([3.7]) into 



(2.3 



In the nonlinear a model C 2 the current algebra (2.2) is enhanced to w(l) 4 
su(2) 2 . The additional £/(l)-currents are Ui := V eiiei +V- ei - ei ,i — 1, . . . ,4, 
where the e\ are the standard generators of A = A* = Z 4 . 
In the Gepner type model C 1 = (2) 4 , apart from the Z7(l)-currents J 1; . . . , J 4 
from the factor theories, where J = J\ + ■ ■ ■ + J4, we find four additional fields 
with dimensions (h,h) = (1,0); comparing the respective operator product 
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expansions the following identifications can be made: 

J= Jl + J2 + J3 + J4, J ± = (^2,2;O,o) 04 ; 

A = J 1 + J 2 -J 3 - J 4 , A ± = (*° 2 , 2;0 , )® 2 ® (^±2, 2; o,o) 





+ u 2 ) 


= p = 


Ji — J2', 




+ u 4 ) 


= Q = 






-u 2 ) 


= R = 


*« 2; o,o)^^(<o ; o,o) 02 




-u A ) 


= S = 





(3.8) 

Thus the (l,0)-fields in the two theories generate the same algebra A = 
su(2)i © ""(l) 4 = Af Ab- Obviously, the same structure arises on the right 
handed sides. 

iii. We show that Hi and H 2 both have self dual J := {P,Q,R, S;P,Q,R, S)- 
charge lattice?] 

r b = {(x + y 1 x-y)\x£±D il y£Dl} 1 (3.9) 

generated by 

M tw := { i(x; as) G R 4 < 4 | x G {(e x , e 2 , 0, 0), (0, 0, £l , e 2 ), 

(0 J e 1 ,e 2 ,0) J (e 1 ,0 J 0,e 2 ),e i G {±1}}} 
andAf,„„ := {(e; 0) \e G {±1} 4 } . 

In the a model C 2 we denote by Eg, 6 G F 4 , the twist field corresponding to 
the fixed point p$ — | ^i e « °f the ^2 orbifold. To determine the action 

of Ui on twist fields notice that by definition, Eg introduces a cut on the 
configuration space Z to establish the boundary condition ip(aa + l,a±) = 
— (p(<7o,<7i) for fields (p in the corresponding twisted sector, i.e. ip(0, 0) = p$ 
(see section 0). Action of a vertex operator with winding mode A will shift 



the constant mode p$ of each twisted field by ^ [H-V|. Hence, 



Ui(z) E s {w) ~ -i^- ^ +6l H, (3.10) 

2 — W 

where the factor ^ is determined up to phases by observing T"j\Eg) = 0,T b 2 = 

j Xh=i {Ui) 2 i and h = h = | for twist fields. The phases are fixed by appro- 
priately normalizing the twist fields. One now checks that 

4 

VeG{±l} 4 : s E :=J2I[(£i) Si 

<5eF 4 »=i 

are uncharged under (J; J) and (A; A) and carry ^-charges Mt w . For e,S E 
{±1} and fc,Z G {1, ... ,4} we define 

E%t := (jfc - f (V e „ efc - V- eh ,- e „)) (ji - § (V ei , ei - V-^-e,)) . 



3 In our coordinates D 4 = {x e Z 4 \ Y^t=i x i=° ( 2 )} and £>| = + (Z + 1/2) 4 . 
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Then 2?ff, 2?f|, -Bfl, Sfl are (Ji ^ A)-uncharged and carry J'-charges M inv . 
In the Gepner model, introducing 0{ni) := (^l.i^m.m)^ 2 > 'Pfoi) := 
^2,^2^2 ® ^_„ 2 _ n2 ;_„ 2) -„ 2 (nj G {±1}) as shorthand notation we find 
(J, A; J, A)-uncharged fields 0(n x ) ® 0(ra 2 ), 0(rii) ®7>(n 2 ), P(ni) <8> 0(n 2 ), 
V(ni)®V{n2) which after diagonalization with respect to the j7-action carry 
charges M tw . 

Similarly, setting Q{n,s) := ^2n,s;0,o ® ^2n, s +2 ; o,0) tne ne lds Q(rci, si) ® 
Q(n 2 , s 2 ), fij € {±1}, Si S {0, 2} after diagonalization have charges Mi nv . 

For later reference we note that by what was said in section [l] there are eight 
more fields in the Ramond sector with dimensions h = h = i. Each of them is 
uncharged under J and either (A; A) or (J; J). We denote by W £l e2 , W£ £2 , € 
{±1} the fields corresponding to the lowest weight states of su(2)\ = (J, J ± ) or 
su(2)i = (A, ^4 ± ), with (J; J) or (A; A)-charge (ei; e 2 ) respectively and identify 

W J = (<P° ) m 

£l,E2 V — El,— El!— E2, — £2/ /o 1 1 \ 

£i,£2 V — ei,— eij— ea,— 62/ ^ V £i,£i;£2,£2/ 

In (T model language and by the discussion in section 0, by applying left and right 
handed spectral flow to the J-uncharged £2 we obtain (i, |)-fields in J- 1/2, 
the real and imaginary parts of whose (1, l)-superpartners describe infinitesimal 
deformations of the torus T su ^f our Kummer surface is associated to. 
Summarizing, we can now obtain a list of all fields needed to generate H. 1 and 
Tt 2 as well as a complete field by field identification by comparison of charges; 
for the resulting list of (j, -^-fields see appendix |b[ □ 



Note that because D4 = \/2D\ for the j7-charge lattice (|3[ 
r b = {^(m + A,m-A) fi e D* 4 ,X e £> 4 } ■ 

Thus J& is the charge lattice of the bosonic part of the a model C 3 = T(£>4, 0). 
Theory C 1 was obtained by takin g the ordinary Z 2 orbifold of the torus model 
on Tg(7( 2 )4, but as pointed out in K-Sj ], for the bosonic part of the theory this is 
equivalent to taking the Z 2 orbifold associated to a shift 6 = ^^(Moi Mo); Mo = 
J2i e i G A* 011 the charge lattice of Tsrj(2)f- Under this shift orbifold, the lattices 
A = A* = Z 4 are transformed by 

A* ^ A* + (A* + = Dl, A^{XeA\( fM)> X)=0(2)} = D 4 , 

so the bosonic part of the resulting theory indeed is that of C 3 . The entire bosonic 
sector of C 1 = C 2 agrees with that of C 3 , because the shift acts trivially on 
fermions, and the ordinary Z 2 orbifold just interchanges twisted and untwisted 
boundary conditions of the fermions in time direction. The difference between 
the theories merely amounts in opposite assignments of Ramond and Neveu- 
Schwarz sector on the twisted states resulting in different elliptic genera for the 
if 3-model C 1 — C 2 and the torus model C 3 . The fact that the partition functions 
actually do not agree before projection onto even fermion numbers is not relevant 
here because locality is violated before the projection is carried out. So, on the 
level of conformal field theory: 
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Remark 3.4 

The Gepner type model C 1 — (2) 4 viewed as nonlinear u model C 2 on the 
Kummer surface /C(Z 4 ,0) is located at a meeting point of the moduli spaces 
of theories associated to K3 surfaces and tori, respectively. Namely, its bosonic 
sector is identical with that of the nonlinear a model C 3 = T{D^,Q). 

This property does not translate to the stringy interpretation of our conformal 
field theories, though. When we take external degrees of freedom into account, 
spin statistics theorem dictates in which representations of SO(4) the external 
free fields may couple to internal Neveu-Schwarz or Ramond fields, respectively. 
The theories C 1 = C 2 and C 3 therefore correspond to different compactifications 
of the type IIA string. 



3.4- Gepner's description for SU (2) 4 / Z4. 



Theorem 3.5 

The Gepner model C 1 



(2) admits a nonlinear o model description C on 



the Z4 orbifold of the torus T SU ( 2 ) 
B-Ecld. 



with SU (2) 1 -lattice A = Z and vanishing 



(2) 4 can be obtained f rom C 1 = (2) 4 , for which we al- 



Proof: 

It is clear that C 1 

ready have a a model description by theorem 3.3, by the Z2 orbifold procedure 
which revokes the orbifold used to construct C 1 . The corresponding action is 
multiplication by —1 on ([2, 2, 0, 0])-twisted states, i.e. 



[2', 2', 0,0] 



1 wi, 



'-(mi— mi— m 3 +m 3 ) 



(3-12) 



Amo ng t he (l,0)-fields the following are invariant under [2', 2', 0,0] (use (2.2) 
and Q): 



J = ^« + ^(2)^(2) ^ J+ = ^(1)^(2) ; 



J-=vi 2) vi 1} ; 



A = vi 1) vi 1) -V'i 2 Vi 2) ; 



P = h(Ui + U 2 ); Q = UU 3 + U A ) . 



(3.13) 



Hence we have a surviving su(2)i © u(l) 3 subalgebra of our holomorphic W- 
algebra. In appendix we give a list of all (i, ^-fields in C 1 = (2) 4 together 
with their description in the a model C 2 on the Z2 orbifold /C(Z 4 , 0). A si milar 
list can be obtained f or the (2, 0)-fields as discussed in the proof of theorem 3.3. 
From these lists and ( 3.13| ) one readily reads off that the states invariant under 
(3.12) co inci de with those invariant under the automorphism r±2 on /C(Z 4 , 0) (see 
theorem |j) which is induced by the Z 4 action (ji , j 2 , j 3 (- h > h > k > ~h) , 

i.e. (if>±\ V'±' ) ) l— > (i^± ) Tiip^ ^) on the underlying torus Tgu^i. The apper- 
tainin g pe rmutation of exceptional divisors in the Z2 fix ed points is depicted in 
figure 2.1. The action of rn and that induced by (3.12) agree on the algebra A 
of (1, 0)-fields and a set of states generating the entire space of states, thus they 



are the same. Because of C 1 — C 2 ( theor em 3.3) and the fact that C 1 — (2) 



obtained from C 1 by modding out ( 3.12 ), it is clear that modding out /C(Z 4 ,0) 
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by the algebraic a utom orphism r%2 will lead to a a model description of (2) . As 
shown in theorem E7| the result is the Z4 orbifold C 11 of T< 



SU{2) 



□ 



Theorem 3.5 has been conjectured in [E-0-T-Y| because of agreement of the 
partition functions of C 1 and C 11 . This of cou rse is only part of the proof as can 



be seen from our argumentation in section |2.4 There we showed that SU (2)f /Z4 
does not ad mit a a mo del description on a Kummer surface although its partition 
function by [ E-Q-T-Y | agrees wi th t hat of /C(D4,0), too. 
From theorem 2.13 and theorem 3.5 we conclude: 



Corollary 3.6 

The G epner model (2) admits a geometric interpretation on the Fermat quartic 
(|2J7j) in CP 3 with volume Vq = §. 



Let (£, V, B) denote the geometri c in terpretation of (2) 4 we gain from theo- 
rem |3.5|, By the proof of theorem 3.3 we know the moduli V s + V_ s and 



i(Vg e — V_ s ), 5, e € {±1} for volume and B-field deformation in direction of 
E of the underlying torus T su ^ 2 ) 4 of our Z 4 orbifold: We apply left and right 



handed spectral flows to 1; W_ x _ x as given in (3.11) and then compute the 
corresponding (1, l)-superpartners. In terms of Gepner fields this means 



V, 



®2&.2;2z,2 



S,e 



^2<5,0;2e,0 



«0;0,o) 



® ^25,2;2 £ ,2 ® (*0 



02 



1 ^2<5,2;2e,2 



(*8,o 5 o,o) 



1 ^25,0;2e,0 



(3.14) 



<2> 



25,0;2e,0 



25,2;2e,2 



Indeed, are uncharged under J and A as they should, because both U(l)- 
currents must survive deformations within the moduli space of Z4 orbifold con- 
formal field theories. On the other hand by our discussion in section [O] the 
(1, l)-superpartners of ($±1 o-±3,2)® 4 j (^±i,o-±i o)® 4 j which carry (A; A)-charges 
^(1; 1), give the moduli of volum e and corresponding B-field deformation if we 
choose the quartic hypersurface ( 2.1 7| ) as geometric interpretation of Gepner's 



model (2) . Hence along the "quartic line" we generically only have an su(2)\ 
algebra of (1, 0)-fields. This agrees with the analogous picture for c = 9 and the 
Gepner model (3) wh ere a ll additional f7(l)-currents vanish upon deformation 
along the quintic line [ D-G ] . 



Symmetries and algebraic automorphisms revis ed: (2) 4 and (2) 4 . Among the 
algebraic symmetries Z4 xi S4 of the Gepner model (2) 4 all the phase symmetries 
Z4 commute with the action of [2,2,0,0] which we mod out to obtain (2) 4 . 
The residual Z 2 x Z4 has a straightforward co ntinu ation to (2) 4 (i.e. to the 
twisted states). Moreover, [2', 2', 0, 0] as given in (3.12) which reverts the orbifold 



with respect to [2,2,0,0] must belong to the algebraic symmetry group Q alg of 
(2) 4 . Nevertheless, one notices that Z 2 x Z 2 = ([2', 2', 0, 0], [1, 3, 0, 0]) leaves 
6^8 = /-t(Z 2 x Z 2 ) — 4 states invariant and thus does not act algebraically by 
(1.21). We temporarilly leave the symmetry [1,3 , 0, 0] out of discussion, because 



then by the methods described in section 3.1 we find a consistent algebraic 
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action of (Z 2 x Z 4 ) X L> 4 on (2) 4 , where Z 2 x Z 4 = ([2', 2', 0, 0], [1,0,3,0]) and 
D 4 = ((12),(13)(24)) C S 4 is the commutant of [2,2,0,0]. 



Let us compare to the a model description /C(Z 4 ,0) of (2) 4 : In theorem 2.7 the 
group of algebraic automorphisms of /C(Z 4 ,0) which leave the orbifold singular 
metric invariant was determined to Glummer = ^2 K ^2- Although it is iso- 
morphic to the algebraic symmetry group (Z 2 x Z 4 ) x Z? 4 of (2) 4 found so far, 
Glummer mus t act differently on (2) 4 . Namely, from the proof of theorem 3.5 we 
know that the a model equivalent of [2', 2', 0, 0] is r 42 G Glummer - Thus only the 
commutant Tt C Glummer °f r i2 can comprise residual symmetries descending 
from the Z 4 orbifold de scri ption on (2) 4 . This is no contradiction, because by 



the discussion in section 1.2 different subgroups of the entire algebraic symmetry 
group of (2) 4 may leave the respective nullvector v invariant which defines the 
geometric interpretation. By what was said in section ^ it is actually no surprise 
to find symmetries of conformal field theories which do not descend to classical 
symmetries of a given geometric interpretation. The Gepner type model (2) 4 is 
an example where the exi sten ce of such symmetries can be checked explicitly. 



By the result s of section we find TL = Z 2 x D 4 = (ri2, rxs, iiioo) (see also 



theorem 2.12 ). We now use our state by state identification obtained in the proof 



of theorem 3.3 (see appendix |b|) to determine the corresponding elements of G al9 
and find 

n 3 - (13)(24) e S 4 
turn =£° [1,3,0,0] =: [l',3',0,0]. 

Here £ acts by multiplication with —1 on those Gepner states corresponding 
to the 16 twist fields Eg of the Kummcr surface and trivially on all the other 
generating fields of the space of states we discussed in the proof of theorem 



3.3. Note that £ is a symmetry of the theory because by the selection rules for 
amplitudes of twist fields any n-point function containing an odd number of 
twist fields will vanish. The geometric interpretation tells us that modding out 
(2) 4 by £ will revoke the ordinary Z 2 orbifold pro cedur e i.e. produce T(Z 4 ,0). 
We conclude remarking that by the modification ( 3.1 5| ) of the [1, 3, 0, 0]-action 



the full group G alg = (Z| x Z 4 ) x D 4 acts algebraically on (2) 4 . The subgroup H 
consists of all the residual symmetries of (2) 4 surviving both deformations along 
the quartic and the Z 4 orbifold line and acting classically in both geometric 
interpretations of (2) 4 known so far, the Z 4 orbifold and the quartic one. 



3.5. Gepner type description of iSO(8)i/Z 2 . 
Theorem 3.7 

Let C 1 = (2) 4 denote the Gepner type model which is obtained as orbifold of 
(2) 4 by the group Z 2 x Z 2 = ([2, 2, 0, 0], [2, 0, 2, 0]) C Gat '• This model admits a 
nonlinear o model description C 2 on the Kummer surface JC(^D 4 , B*) associ- 
ated to the torus Tg (8)! with SO(8)i-lattice A — -^Da &nd B-held value B* 
for which the theory has enhanced symmetry by the Frenkel-Kac mechanism. 

Proof: 

Let ei, . . . ,e 4 denote the standard basis of Z 4 . With respect to this basis the 
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B-field which leads to a full 50(8) i symmetry for the a model on Tgo(s)i is 



B* = 



' 1 





-1 





1 


-10 



A 



A* 



(3.16) 



a twotorsion point in H 2 (T Rnl ^, , R)/H 2 (Tgr>t^, , Z) 



We are now ready to use theorem 3.1 if we can prove i.-iii. of section 3.2 



i. From (1.12) we find 



D 4 ,B' 





$2 


8 

+ 


#3 


8 

+ 




1 




V 




V 









(3.17) 



Applying the orbifold procedure for the Z 2 x Z2 action of ([2, 2, 0, 0], [2, 0, 2, 0] 



C g^b 9 t0 the Partition function (|A.10D of the Gepner model (2) 4 JF-K-S-S] 



one checks that C 1 and C 2 have the same partition function obtained by 
inserting ( 3.17| ) into (2.2). 



ii. We have an enhancement of the current algebra (2.2) of the nonlinear a 
model C 2 to su(2)f. The 12 additional (l,0)-fields are U a := i (V a , a+B * a 
+V- a _- a -B*a), where a belongs to the D4 rootsystem {±^a ± 75 e^}. We 



set 



to see that upon a consistent choice of cocycle factors for the vertex operators 
these fields indeed comprise an extra su(2)f: 



P := W+ 4 
Q ■= W+ 



w 3 + A , 



p 



R := iW2 A -iW[- 3 , R 
S := W^ A + W. 



2,3' 



■■= 71 

: = 75 ( W M 
: = 75 



^ 2 + 4 



w. 



± 7f (^2 + 4 + W+ 3 ) , 

± 75 (^m " > 
)±7f (^-WaT*). 

)±7=(W2T4 + ^lT3)- 



(3.18) 



For the Gepner type model C 2 = (2) 4 we use Xy as a shorthand notation for 
the field having factors <Pl 2 . in the ith and jth position and factors . 
otherwise, and Yij for the field having factors <?_ 2 2 -o m the zth and jth 
position and factors <£ 2 2 . otherwise. By comparison of operator product 
expansions one then checks that the following identifications can be made: 



J 
.4 



Ji 
Ji 



J 2 
J 2 



J 3 
J 3 



J4, 
J4, 



J* 
A+ 



(^2,2;0,0 

Y 12 , A~ 



,®4 



34. 



P = 73 (Ji - J2 + J3 ~ J 4 ) , P + = Y 13 , P- = y 24 ; 

Q = 7= (Ji - J 2 - J 3 + J 4 ) , Q + = *i4, 0" = Y 23 ; 

R = ^73 (A13 — X 2 4) , J2 = (Xi 2 + X34) - 

S = -j= (X13 + X24) , S ± — ±| {X\2 — X 3i ) - 



3 ( -X"l4 + AT 2 3 J 
5 (A14 — X 2 3) 
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Thus the (1, 0)-fields in the two theories generate the same algebra A = 
su(2)i su(2)f — Af © Ab- Obviously, the same structure arises on the right 
handed sides. 

iii. We will show that the spaces of states TL\ and Ti 2 of C 1 and C 2 both have self 
dual J := (P,Q,R,S; P, Q, R, 5)-charge lattice 



n = 



^(x + y;x-y) \x,y € Z 4 } . (3.19) 



In the Gepner type model C 1 = (2) 4 we find 16 fields with dimensions h = 
h = j which are uncharged under (J, A; J, A); diagonalizing them with re- 
spect to the ^/-action for j £ {P, Q, R, S} we obtain fields Ej,F^ uncharged 
under all £/(l)-currents apart from j and with (j,j)-charge -^j(±l,±l) and 
^j(±l,=Fl), respectively. Namely, 

E P = ^l, T l ;T l, T l ® *±l,±l;±l,±l ® #° i, T i ;T i, T i ® *±1,±1;±1,±1» 
F P = ^Tl,Tl;±l,±l ® ^±1,±1;T1,T1 ® *Tl, T li±l,±l *±l,±l;Tl,=Fl' 
E Q = ^ti,t1;ti,ti ® *±i,±l;±l,±i ® *±i,±ij±i,±i ® #° i, T i ;T i, T i, 
= ^=X,Tli±l,±l ® *±l,±X;=Fl,=Fl ® *±1,±1; T 1,T1 ® l,Tl;±l,±l' 



and with := —1, eg := 1 for j e {R, S} 

± [*2,l;-2,-l ® *2,1;2,1 ® *2,li-2,-l ® *2,Xi2,l 

+£j *2,1;2,1 ® *2,li-2,-l ® *2,li2,l ® *2,l;-2,-l] . 

if = (^,i; 2 ,i) 02 ® (^,i;- 2 ,-i) 02 + *j (^-a,-!)* 9 ® 

± [*2,l;-2,-l ® *2,1;2,1 ® *2,1;2,1 ® *2,l;-2 -1 

+£j *2,1;2,1 ® *2,li-2,-l ® *2,li-a,-l ® *2,l;2,l] • 

Among the corresponding charges under we find -^(sf, ±e$) generating Jf, 
In the sigma model C 1 we set 

"i := ^75 (ei + e 2 ) , a 2 := ^= (e 2 - e x ) , 
«3 := ^ (ei + e 3 ) , a 4 := ^= (e 4 - e 2 ) . 



Let 17,5 with <5 £ F| denote the twist field corresponding to the fixed point 
i J^j =1 (JjOii. The action of P, Q, i?, S and their right handed partners is deter- 
mined as in ( 3.1pp . Then by normalizing appropriately and matching (J7", J\ 
charges we find that the following identifications can be made (sums run over 
S £ F| with the indicated restrictions): 

81 — 82 ,83—84 81^82 -83^84 
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E 


£5 =•= ^ ^5; 
5x — <5 2 ■ ^3 7^54 






= E 

Si—§2 1^3 — ^4 


(-i)^± ^ (-i) 54 ^, 

Si .8 1=5 a 

u ±7 Si^o 






= E 

1 7 w A ? v 7 41 


i — Oo . O q ^0,1 






= E 

Si — S2 1S3 — ^4 


01 — 02 ,03 7=04 






= E 


£17^2, <$3 = (54 






- E 

5i=<5 2 ,53=<54 






pi 


= E 

^17^^2,53— ^4 


£1 =£2, £3 7^4 





In particular, the corresponding {jj , ^7)-charges generate F . 



□ 



Recall the Greene-Plesser construction for mirror symmetry | G-P | to observe 
that the Z2 x Z2 orbifold (2) 4 of (2) is invariant under mirror symmetry. This 
can be regarded as an explanation for the high degree of symmetry found for 
(2) 4 =C i . 



In v iew of ( 3.19 ) it is clear that the same phenomenon as described in remark 
3.4 appears for the theory discussed above: 



Remark 3.8 

The Gepner type model C 1 

/C(-^£>4, B*), B* given by ( 3.16 ), is located at a meeting point of the moduli 



(2) 4 , or equivalently the nonlinear <j model C 2 



spaces of theories associated to K3 surfaces and tori, respectively. Namely, its 
bosonic sector is identical with that of the nonlinear a model C 3 on the SU(2)f- 
torus with vanishing B-field. 



This again can be deduced from the results in | K-S once one observes that the 
lattice denoted by Ao( n )xO(n) there in the case n = 4 is isomorphic to /& as 
defined in ( 3.1 9| ) . The relation between the two meeting points (2) 4 = C 1 = 
C 2 = C 3 and (2) 4 = C 1 = C 2 = C 3 of the moduli spaces found so far is best 
understood by observing that C 1 = (2) 4 can be constructed from C 1 = (2) 4 by 
modding out Z2 = ([2, 0, 2, 0]) C Gain- If we formulate the orbifold procedure in 



terms of the charge lattice r o of C 1 = (2) 4 as described in | G-P |, this amounts to 
a shift orbifold by the vector S = |(— 1, 1, 0, 0; 1,-1, 0, 0) on r o . Indeed, this shift 
simply reverts the shift we used to explain remark |3.4| and brings us back onto 



the torus T SU ( 2 )*- But as for C 1 = C 2 and C 3 , C 1 = C 2 and C 3 will correspond 
to diffe rent compactifications of the type IIA string. 

From (3.15) we are able to determine the geometric counterpart of [2,0,2,0] 
on /C(Z 4 , 0): It is the unique nontrivial central elem ent tim of the algebraic 
automorphism group Glummer depicted in figure 3J. Hence the commutant of 
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01 
10 

11 

00 



00 11 10 01 
Fig. 3.1. Action of the algebraic automorphism tun on the Kummer lattice 77. 



fun is the entire Q^ ummer , 



but it is not clear so far how to continue the residual 



Q Kummer/^ algebraically to the twisted sectors in (2) 4 with respect to the tun 
orbifold. 

We remark that conformal field theory also helps us to draw conclusions on the 
geometry of the Kummer surfaces under inspection: K.{-^=D^,B*) is obtained 

from /C(Z 4 ,0) b y m odding out the classical symmetry tuiii so in terms of the 



decomposition (1.4) we stay in the same "chart" of Ai K3 , i.e. choose the same 
nullvector v for both theories. This means that we can explicitly relate the 
respective geometric data. For both Kummer surfaces we choose the complex 
structures induced by the N = (2, 2) algebra in the corresponding Gepner mod- 
els (2) 4 and (2) 4 . Thus we identify J* = 2 =p2 2) m both theories with 
the two forms 71% {dz\ A dz-i ) , 71% (dzi A dzz ) defining the complex structure of fC{A) . 
Here ir : Ta —> IC(A) is the rational map of degree two, A — Z 4 or A = ^D^, re- 
spectively. Then both K{A) are singular K3 surfaces (see section |2~5|) . Given the 
lattices of the underlying tori one can compute the intersection form for real and 
imaginary part of the above twoforms defining the complex structure. One finds 
that they span sublattices of the transcendental lattices with forms diag(4, 4) 
for /C(Z 4 ) and diag(8, 8) for JC(A=Di), respectively. The factor of two difference 
was to be expected, because tun has degree two. Nevertheless, one may check 
that the transcendental lattices themselves for both surfaces have quadratic form 
diag(4, 4). Note that for a given algebraic automorphism in general it is hard to 
decide how the transcendental lattices transform under modding out Q Cor. 
1.3.3]. In our case, we could read it off thanks to the Gepner type descriptions 
of our conformal field theories. 



3.6. Gepner type description of SO{9>)x/'La. 



Theorem 3.9 

The Gepner type model C 1 = (2) 4 which agrees with C 2 = /C(Z 4 ,0) by theorem 
3.3 admits a nonlinear a model description as Z4 orbifold of the torus model 
D4,B*) with £0(8)1 symmetry. 



7Tz 



■V2 

Proof: 



The proof works analogously to that of theorem 3.5. From theo rem |2.8| it follows 
that the Z 4 orbifold of T(^D 4 , B*) with B* defined by (f3|) is . 



Dtained from 
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C 2 = /C(;4g-D4, B*) by modding out the automorphism r\2 as depicted in figure 

2J|. Thus we should work with the models C 1 = (2) 4 and C 2 = K(^=D 4 ,B*) 
which are isomorphic by theorem 3/7. We use the notations introduced there. 
Then m is induced by e\ i— > €2,^2 1— ► —e\,es 1— > — e4,e4 > 63. Of the sn(2)^ 
current algebra of C 2 we find a surviving sm(2) 2 ©u(1) 4 current alge bra on the Z 4 
orbifold generated by J, J* , A; P, P ± , Q, R, S (see equations ( [2.2| ) and ( 3.18| )). 
The action on the generators E^,F^;j S {P, S 1 } is already diagonahzed. 

All the are invariant as well as Fp . On the fermionic part of the space of 

states of C 2 the identifications ( 3.11 ) hold. The fields W/ l £2 and W^ ei ,£j G 
{±1} are t hose invariant under the Z4 action. Our field by field identifications 
of theorem [3.7] now allow us to read off the induced action on the Gepner type 
model C 1 — (2) 4 . One checks that it agrees with the symmetry [2', 2', 0, 0] defined 
in J3.12D which revokes the orbifold by the Z2 action of [2, 2, 0, 0]. Because C 1 = 
(2) 4 was constructed from the Gepner model (2) 4 by modding out Z2 x Z2 = 
([2,2,0,0], [2,0,2,0]) C Gl l b g , it follows that the Z 4 orbifold of T{^D 4 , B*) 
agrees with the Gepner type model obtained from (2) 4 by modding out Z2 = 
([2,0,2,0]). This clearly is isomorphic to (2) 4 by a permutation of the minimal 
model factors. □ 



4. Conclusions: A panoramic picture of the moduli space 

We conclude by joining the information we gathered so far to a panoramic pi ctur e 



of those strata of the moduli space we have fully under control now (figure 4.1) 



Z4 Orbifold-line Z4 Orbifold-planc 




Fig. 4.1. Strata of the moduli space. 



The rest of this section is devoted to a sum mary of what we have learned about 
the various components depicted in figure |4. l| . All the strata are defined as 
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quaternionic submanifolds of the moduli space A4 K3 consisting of theories which 
admit certain restricted geometric interpretations. In other words, a suitable 
choice of v as described in section [l] yields (£, V, B) such that S, B have the 
respective properties. In the following we will always tacitly assume that an 
appropriate choice of v has been performed already. 

Figure AA contains two strata of real dimension 16, depicted as a horizontal plane 
and a mexican hat like object, respectively. The horizontal plane is the Kummer 
stratum, the subspace of the moduli space consisting of all theories which admit 
a geometric interpretation on a Kummer surface X in the orbifold limit. In other 
words, it is the 16 dimensional moduli space of all theories IC(A,Bt) obtained 
from a nonlinear a model on a torus T = Mr/ A by applying the ordinary Z2 



Bn 



lo(2) 



where Bt G 

(2) 



M K3 



orbifold procedure; the B-held takes values B 

H 2 (T,R) ^ H 2 (X,R) (see the explanation after theorem (2j), and B. 
H even (X, Z) as described in theorem 2.3. We have an embedding Ai to " 
as quaternionic submanifold, and we know how to locate this stratum within 
M K3 . Kummer surfaces in the orbifold limit have a generic group of algebraic 
automorphisms which leave the metric invariant. Any conformal held the ory 
associated to such a Kummer surface possesses an su(2) 2 subalgebra (2.2) of 
the holomorphic W-algebra. 

The mexican hat like object in figure 4.1 depicts the moduli space (1.17) of 
theories associated to tori. Two meeting points with the Kummer stratum have 
been determined so far, namely (2) 4 and (2) 4 (see remarks 3.4 and |3.8| ). We 
found (2) 4 = /C(Z 4 0) = T(£>4,0) and (2) 4 = K.(±D 4 ,B*) = T(Z 4 ,0), where 
B* was defined in ( 3.16 ). 

The vertical plane in figure 4.1 depicts a stratum of real dimension 8, namely 
the moduli space of theories admitting a geometric interpretation as Z4 orbifold 
of a nonlinear a model on T = Mr/ A. In order for the orbifold procedure to be 
well defined we assume A to be generated by Ai = Ril?,Ri £ M.,i — 1,2 (A± 
is not necessarily orthogonal to A 2 ) and B T g £f 2 (T,R) Z4 ^ H 2 (X,R) (see 



lemma 2.9). The B-field then takes values B — \Bt 



4 B I, 
4K3 



(4) 



as described in 



theorem |2.11| , where the embedding of this stratum in M. is also explained. 
The gen eric group of algebraic automorphisms for Z4 orbifolds is Z2 x F|. By 
theorem 3.9 there is a meeting point with the Kummer stratum in the Z4 orbifold 
of T(^D 4 ,B*), where B* is given by (|t|) , which agrees with/C(Z 4 ,0) = (2) 4 . 

The four lines in figure 4.1 are strata of real dimension 4 which are defined by 
restriction to theories admitting a geometric interpretation (£, V, B) with fixed 
E and allowed B-field values B E S. Thus the volume is the only geometric 
parameter along the lines and we can associate a fixed hyperkahler structure 
on K3 to each of them. For all four lines it turns out that one can choose a 
complex structure such that the respective K3 surface is singular. Hence S can 
be described by giving the quadratic form on the transcendental lattice and the 
Kahler class for this choice of complex structure. Specifically we have: 



— Z 4 -line: The subspace of the Kummer stratum given by theor ies J C(A, Bt) 
with A ~ Z 4 and Bt G S. which is marked by A ~ Z 4 in figure 4.1. 

— Z4 Orbifold-line: The moduli space of all theories which admit a geometric 
interpretation on a K3 surface obtained from the nonlinear <j model on a torus 
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T = R 4 M , A ~ Z 4 with B-field -By commuting with the automorphisms listed 



m (|2.13| ). 

Quartic line: Though well established in the context of Landau-Ginzburg 
theories, this stratum has been somewhat conjectural up to now. We de- 
scribe it as the moduli space of theori es ad mitting a geometric interpretation 
(Sq, Vq, Bq) on the Fermat quartic (|2.17 ) equipped with a Kahler metric in 
the class of the Fubini-Study metric, in order for Eq to be invariant under 
the algebraic automorphism group G = Z| x £4. The B-field is restricted to 
values Bq £ Sq, because 11(G) = 5 and therefore H 2 (X, R) G = Sq. 
D^line: The moduli space of theories tC(A, Bt), A ~ D4 admitting as geomet- 
ric interpretation a Kum mer surface JC(A) and Bt £ S. This line is labelled 
by A ~ D4 in figure 4.1. 



The four lines are characterized by the following dataQ: 



name of line 


associated 
form on the 
transcendental 
lattice 


group of algebraic au- 
tomorphisms leaving 
the metric invariant 


generic 

(1, 0)-current 

algebra 


Z 4 -line 




Summer = Z 2 X F| 

^ (Z 2 x Z 4 ) x L> 4 


su(2)l 


Z4 orbifold-linc 


(0°) 


D 4 


su(2)x e«(i) 


quartic line 


(!!) 


(Z 4 x Z 4 ) x S 4 


su(2)i 


£>4-line 


(") 


Z 2 x F| 


su(2) 1 2 



In figure 4.1 we have two different shortdashed arrows indicating relations be- 
tween lines. Consider the Kum mer surface /C(Z 4 ) associated to the Z 4 -line. As 
demonstrated in theorem 2.8, the group G Kummer °f algebraic automorphisms 
of /C(Z 4 ) which leave th e metric invariant contains the automorphism r%2 of 
order two (see figure 2.1) which upon modding out produces the Z4 orbifold- 
line. The entire moduli space of Z4 orbifold conformal field theories is ob- 
tained this way from Z 2 orbifold theories IC(A,Bt), where A is generated by 
Ai ^ RiZ 2 ,Ri 6l,i=l,2 and B T £ ff^T^R) 24 . 
Modding out t im £ Q\ ur 



(see figur e 3.1) on the Z -line produces the D4 



line, as argued at the end of section 3.5. Note that the K3 surfaces associated 
to Z 4 - and Z?4-lines have the same quadratic form on their transcendental lat- 
tices and hence are identical as algebraic varieties. Still, the corresponding lines 
in moduli space are different because different Kahler classes are fixed. In our 
terminology this is expressed by the change of lattices of the underlying tori 
on transition from one line to the other. The Z?4-line can also be viewed as the 
image of the Z 4 -linc upon shift orbifold on the underlying toru s. 
Finally, we list the zero dimensional strata shown in figure 4.1. 



To construct /C(Z?4,0) on the Z^-line, we may as well apply the ordinary Z 2 
orbifold procedure to the -D4-torus theory in the meeting point (2) 4 (the arrow 



4 The quadratic form 
4 can be found in [I 



1 the transcendental lattice of quartic and the Z4 orbifold of T 
Shil. 
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with label u> in figure [O]). We stress that in contrast to what was conjectured 
in E-O-T-Y this is not a me etin g point with the Z4 orbif old-planc. 
As demonstrated in theorem 3.5 and also conjectured in E-O-T-Y |, Gepner's 
model (2) 4 is the point of enhanced symmetry A = 1j A ,Bt = on the Z4 



orbifold-line. In section 3T we have studied the algebraic symmetry group of 
(2) 4 and in corollary 3.6 proved that it admits a geometric interpretation with 
Format quartic target space, too. In terms of the Gepner model, the moduli of 
infinitesimal defomation along the Z4 orbifold and the quartic line are real and 
imaginary parts of V^ e (5,e € {±1}) as in ( 3.14 ) and of the (1, l)-superpartners 

of (^±i,o ; ±3,2)® 4 , (^±i,0;±i,o)® 4 > respectively (see section 

The Gepner type models (2) 4 and (2) 4 which are meeting points of torus and 
K3 moduli spaces have been mentioned above. For all the longdash arrowed 

correspondences (2) 4 <-2L> (§) 4 (2) 4 (2) 4 in figure [4.1| we explicitly 

know the symmetries to be modded out from the Gepner (type) model as well 
as the corresponding algebraic automorphisms on the geometric interpretations. 
For instance, (2) 4 — ^> (2) 4 — ^> (2) 4 . Hence for these examples we know precisely 
how to continue geometric symmetries to the quantum level. 
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A. Minimal models and Gepner models 

The N = 2 minimal superconformal models form the discrete series (k), k € N 
of unitary representations of the N = 2 superconformal algebra with central 
charges c = Zk/(k + 2). For constructing the model (k) we may start from a 
parafermion theory and add a free bosonic field. More precisely, (k) is the coset 
model 

SU(2) k ®U(l) 2 



U(l) k-\-2,diag 



(AT) 



The primary fields are denoted by $ l m s . ln:s (z,'z), where I S {0, . . . , k} is twice 
the spin of the corresponding field in the afiine SU(2)k and we have tacitly 
specialized to the diagonal invariant by imposing I = I. The remaining quantum 
numbers m,m € %2(k+2) and s,s € Z 4 label the representations of U(l)k+ 2 ,diag 



and U(l)2 in the decomposition (AT), respectively, and must obey I = m + s 
m + s (2). Here, the fields with even (odd) s create states in the lefthanded 
Neveu-Schwarz (Ramond) sector, and analogously for s and the righthanded 
sectors. Moreover the identification 

^m,s;m,s( Z i z ) ~ ^m+2+k,s+2;m+2+k,s+2 ( Z ' Z ) (A-2) 



holds. By (A.l), the corresponding characters X rn s . m ^ can be obtained from the 



level k string functions c'-, I € {0, . . . , k}, j 6 Z2/C of SU(2)k and classical theta 
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functions a , b , a € Z 2h of level b = 2k(k + 2) by |Ge2| , |R-Y| ,[Qi 



X 



m,s:m,s 



( T i z ) ~ Xm,s( T J z ) ' fc( T i z )i 



s( T i Z ) — ^ c 47+s-m( T ) ( S ) 2m-(fc+2)(4j+^),2fc(fc+2) ( T j 



(A.3) 



& + 2' 



Modular transformations act by 



xL, s ( T + M) = ex P 



2m 



.{ 1(1 + 2) -m 2 s 2 c 



4(k + 2) 



24 



where k(A;) is a constant depending only on fc and the summation runs over 
P € {0, . . . , k}, m' e {-k - 1, . . . , k + 2}, ft e {-1, . . . , 2}, V + to' + s' = (2). 
Let s denote a lowest weight state in the irreducible representation of the 
./V = 2 superconformal algebra with character \ l m s ■ Conformal dimension and 
charge of ip l ms then are 



, l{l + 2)-m 2 s 2 J1 , 
hi . = .,. - + T mod 1 , Q l ms 



4(fc + 2 
The fusion-algebra is 



fc + 2 2 



mod 2. 



min (l+l',2k-l-l') 

/ , rm+m' ,s+s 



(A.5) 



(A.6) 



J=|!-!'l 
l = l + l'(2) 



Note that by (|A.5| ) and (A..6) the operators of left and right handed spectral 



flow are associated to the fields _x-o o = ^-l -l an( l o--i -l = ^-i _d 
respectively. 

The NS-part of our modular invariant partition function is now given by 

Z NS (r, z) = \Y, (xkV> z) + xl'n(r, «)) (xk°(r, t) + X^ 2 (t^)) , (A.7) 

1 = k 

m=—k—\,...,k+2 
!+m=0(2) 

and expressio ns f or the other three parts Zff s , Zr, Z^ are obtained by flows as 
described in ( 2.4). 

In the case k — 2 which we employ in this paper, the parafermion algebra is 
nothing but the algebra satisfied by the Majorana fermion i/> of the Ising model. 
By inspection of the charge lattice one may confirm that the minimal model (2) 
can readily be constructed by tensoring the Ising model with the one dimensional 
free theory which describes a bosonic field <p compactified on a circle of radius 
R = 2. The primary fields decompose as 



^m,s;m,sl z i z ) ~ "m— s;m— ~g{ z i z ) e2 2 \ z ) e2 2 \ z ) 

E%{z,z) = S 2 ±20±2 (z,z) = $(z)$(z), e = 1, £ 2 ° = 



(A. 
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and 3\i = _ l5 S\ _j = j denote the ground states of the two h = h = 
j£ representations of the Ising model. Indeed, the level 2 string functions are 
obtained from the characters of lowest weight representations in the Ising model 
by dividing by the Dedekind eta function. 

To construct a Gepner model with central charge c = 3d/2, d G {2, 4, 6}, one first 
takes the (fermionic) tensor product of r minimal models ®\ =1 {ki) such that 
the central charges add up to J2l =1 Ski/(ki + 2) = 3d/2, The bosonic modes 
acting on differe nt theo ries commute and the fermionic modes anticommute. 
More concretely ]F-K-S| , (4.5)], 



C6'l (5) & 12 = f_;T\i(si-*lK«2-*3W2 (X)*' 1 _ _ 

mi ,si ;mi ,si m2,S2;m2,S9 V / wi2,S2;m2,S2 mi,si;mi,si - 

(A.9) 

The diagonal sums T, J, G of the fields which generate the N = 2 algebras of 
the factor theories (fcj) then comprise a total N = 2 superconformal algebra of 
central charge c = 3d/2. Denote by Z the cyclic group generated by e 27rlJ ° , then 
Z = Z n with n = 1cm {2; fc^ + 2, i = 1, . . . , r}. Now the Gepner model rii=i(^») ls 
the orbifold of ® |" =1 (fej) with respect to Z. Effectively this means that rii=i(^i) 
is obtained from ®\ = i{ki) by projecting onto integer left and right charges in 
the (NS + NS)-sectoi, onto integer or half integer left and right charges in the 
(i? + i?)-sector according to c being even or odd, and adding twisted sectors for 
the sake of modular invariance. In particular, the so constructed model describes 
an N — (2, 2) superconformal field theory with central charge c = 3d/2 and (half) 
integer charges. For d = 4 the Gepner model is thus associated to a K3 surface 
or a torus, as discussed in the introduction. We again decompose the partition 
function as in (|2.4p and find 



n 



^NS 



6=0 (l,rn) i=l ' (A. 10) 

where Yin m ) denotes the sum over all values (I, m) 6 Z 2r with lj £ {0, . . . , kj}, 
m . g {- kj - 1, ... , k J+ 2}, l j+mj ee (2) and £; =1 J2] =1 ^ g Z . We 

note that the field Y\ T j=i ^m, symj s- °^ * ne resulting Gepner model belongs to 
the 6th twisted sector with respect to the orbifold by Z iff 2b = (rTTj —rrij) mod n 
for j = 1, . . . , r. This means that the (b + l)st twisted sector is obtained from 
the 6th twisted sector by applying the twofold right handed spectral flow which 
itself is associated to the primary field (^o,o;-2,2) <8 ' r OI our theory. We explicitly 
see that for c = 6 the fields (^^^co)^ belonging to the operators of twofold 
lefthanded spectral flow are nothing but the S'C/(2)-currents J which extend 
the N = 2 superconformal algebra to an N = 4 superconformal algebra, and 
analogously for the righthanded alge bra. M oreover, to calculate Zns( t , 



instead of using the closed formula ( A. 10 ) one may proceed as follows: Start 



by multiplying the NS-parts of the partition functions of the minimal models 
(ki),i = 1, . . . , r. Keep only the Z-invariant i.e. integrally charged part of this 
function; let us denote the result by F(t, z;t,z). Add the 6th twisted sectors, 
6 = 1,.. . } n, by performing a 26- fold righthanded spectral flow, i.e. by adding 
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F(t, z;t, z + for). This way calculations get extremely simple as soon 
as the characters of the minimal models are written out in terms of classical 
theta functions. 

We further note that to accomplish Gepner's actual construction of a consistent 
theory of superstrings in 10 — d dimensions we would firstly have to take into 
account 8 — d additional free superfields representing flat (lO-d)-dimensional 
Minkowski space in light-cone gauge, secondly perform the GSO projection onto 
odd integer left and right charges and thirdly convert the resulting theory into 
a heterotic one. However, at the stage described above we have constructed a 
consistent conformal field theory with central charge c = 3d/ 2 which for d = 4 is 
associated to a JC3 surface or a torus, so we may and will omit these last three 
steps of Gepner's construction. 



B. Explicit field identifications: (2) 4 = /C(Z 4 ,0) 



In this appendix, we give a complete list of (j, |)-fields in (2) 4 (see theorem 3.3 ) 
together with their equivalents in the no nline ar a model on /C(Z 4 , 0). As usual, 
£,£j € {±1} and we use notations as in ( 3.10 ) and ( 3.11 ). 

Untwisted (i,v)-fields with respect to the ([2, 2, 0, 0])-orbifold: 



($0 r 4 = w j 

\ — ei,— eii— E2,— £2/ ei,£ 2 



(^2,l;2,l) — ^0000 — -S'llOO + ^1X11 — ■S'oOll 
(^2,l:-2 -l) = ^1010 + ^0101 — ^0110 _ ^1001 
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(*2,l;2,l) 

= £0000 — -£1100 — ^1111 + -S'oon + 27 oio + -S'oooi — -S'noi — ^1110 

(*2,l;2,l)® 2 ®*l,lil,l®^l,-li-l,-l 

= 27 ooo — ^1100 — -£1111 + -S'oon — 27 oio — -S'oooi + -S'noi + £1110 

*°-l,-l;-l,-l®*S,lil,l®(Hli 2 ,l)* a 

= 27qooo + -Siioo — ^1111 — ■S'oon + ^1000 + ■S'oioo — ■S'lOll — ^0111 

*1,1;1,1 ® *-l,-l;-l,-l ® (*2,l;2,l) 02 

= 27oooo + -Siioo — -27mi — ■S'oon — ^1000 — ■S'oioo + ■S'lOll + ^0111 

® *1,1;1,1 ® 1,_1;_1,_1 ® <1;1,1 

= (Xoooo + 27noo + £1111 + £0011) + (■E'1000 + ^0100 + 27om + -S'ioii) 
+ (27ooio + -S'oooi + £1101 + ^1110) + (^1010 + ^0101 + -S'ono + -Eiooi) 

® *2,1;1,1 ® *1,1;1,1 ® 1,_1;_1,_1 

= (27oooo + -27noo + ■S'nii + ■E'ooii) + (-^1000 + ^0100 + ^0111 + -S'lOll) 

— (27ooio + 27oooi + -Eiioi + 27nio) — (27ioio + 27oioi + £0110 + 27iooi) 

*1,1;1,1 ® *-l,-l;-l,-l ® *1,1;1,1 ® *-l,-l;-l,-l 

= (-^0000 + 27noo + 27mi + 27oon) — (27iooo + 27qioo + 27oin + -27ion) 

— (27ooio + -27oooi + 27noi + 27mo) + (27ioio + 27 ioi + £0110 + -27iooi) 
® ^-i,-i ; -i,-i ® ^-i,-i ; -i,-i ® 

= (27oooo + 27noo + 27im + 27oon) — (-£1000 + 27oioo + 27om + X7ion) 
+ (27ooio + 27 ooi + 27n i + 27mo) — (-27ioio + 27 ioi + 27 no + 27iooi) 
Twisted (±, ±)-fie!ds with respect to the ([2, 2,0, 0])-orbifold: 

(^2,i;-2,-i)' 81 ® (^2,i;2,i) <8> = 27iooo — 27 ioo + 27 in — 27 10 n 
(^2,i;2,i)' 81 ® (^2,i;-2,-i) <gl = 27 oio — 27 ooi + 27noi - 27mo 

(^2,l;-2,-l)^ 2 ® #° 1,-1;-1,-1 ® *2,1;1,1 

= 27 10 oo — 27 ioo + 27ion — 27oin + 27 10 io — 27 ioi + 27 10 oi — 27 iio 

(Hii- a ,-i)* a ®*S,i;i,i®* -i,-i;-i,-i 

= 27iooo — 27qioo + 27ion + 27om — 27ioio + 27oioi — 27iooi + 27ono 

£-l,-l;-l,-l ®*S,1;1,1 ® (^2,l;-2,-l)® 2 

= 27ooio — 27 ooi — 27noi + 27ino + 27i io — 27 ioi — 27iooi + -27oiio 

*1,1;1,1 ® ^-l,-l ; -l,-l ® (^2,l;-2,-l)^ 2 

= 27 oio — 27 ooi — -271101 + 27 m o — Z1010 + 27 ioi + 27i oi — 27 no 
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